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ABSTRACT
New technologies for the manufacturing of glass 
reinforced plastics (G.R.P.) with possible outlets into 
the construction industry have broadened the capabilities 
of this material as well as the structural efficiency in 
design and construction.
The pultrusion technique, although not a new production 
process, has not been used greatly in the structural field 
in spite of its enhanced strength and stiffness values, over 
the hand-lay production method, due to the unidirectional 
arrangement of the fibres. However, if a folded plate con­
tinuum G.R.P. structure of low modulus material requires to 
be stiffened by a compatible material, pultruded sections 
could be used to form a skeletal/continuum system with a 
much improved performance, the present work has investigated 
G.R.P. skeletal/continuum systems which are connected only 
at nodal points. In the present work the pultruded sections 
have a glass/polyester ratio of 65-35% by weight whilst the 
continuum component is manufactured by the hand lay-up 
method using chopped strand mat glass laminates with polyester 
resin with a glass/polyester ratio of 30-70% by weight.
The theoretical analysis was undertaken by the finite 
element technique which provided a linear and a stability 
analyses of the skeletal/continuum G.R.P. space structures.
The analytical procedure involved the combination of the
stiffnesses of two types of elements in one overall stiffness
matrix, these elements are the line element representing a
two ended skeletal member in space of six degrees of freedom
per node: three translational and three rotational ( 6 , 6 ,
*  ’ x* y
6 , 0 , 0 , 0 ) given by Livesley (9) and a rectangular plate z x y z
element of four nodes and compatible degrees of freedom per node 
with the line element developed by Scordelis (15). The 
stability analysis was based on small displacements and the 
distinct bifurcation point related non-linearly only with the 
level of axial stresses in the skeletal members and the 
continuum.
Small scale models were manufactured from perspex 
materials and tested; these were undertaken mainly to verify 
the theoretical analysis. The analytical solutions were then 
used to undertake parameter studies. Applications to G.R.P. 
composites included flat plates stiffened by pultruded 
members and a prototype vee sectioned composite roof system.
All G.R.P. models were tested to failure to investigate experi­
mentally the buckling characteristics of the composite systems; 
the results were compared with the buckling loads predicted 
theoretically.
It was concluded that the theoretical method satisfactorily 
predicted the linear behaviour of skeletal/continuum systems 
as well as the stability behaviour of such systems in predic­
ting the buckling loads of these composites.
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CHAPTER 1
INTRODUCTION
Space enclosures using fibre/matrix composite materials 
in the form of folded plate continuum systems are usually 
manufactured from glass reinforced polyester (G.R.P.) these 
composites consist of a low modulus matrix and a relatively 
high modulus fibre combined in certain ratios by weight.
The matrix is generally a Crystic resin of an unsaturated 
polyester. This resin is a part of the larger group of 
synthetic materials known collectively as polymers or plastics.
1.1. Polymers
Plastics materials are organic, which means that they 
are composed wholly or mainly of carbon compounds which 
under the application of adequate heat and pressure can be 
caused to flow and take up a desired shape which will be 
retained when the applied temperature and pressure are with­
drawn. Before compounding with additives, plastics consist 
of a mass of very large molecules and with a few exceptions, 
e.go bitumen, shellac, which are heterogeneous and complex, 
belong to a chemical family referred to as high polymers.
A polymer may be defined as a large molecule built up by 
repetition of small, simple chemical units. These simple 
short molecules are known as monomers and are united into a 
chain to give the polymer in a manufacturing process known 
as polymerisation. When monomers of different kinds are
united the product is known as a co-polymer, and the process 
of uniting the different monomers is known as co-polymerisa­
tion .
There are a large number of plastics which are available 
in the chemical industry; the reason for this immense variety 
is that once the general techniques have been devised for 
polymerisation of. different kinds of monomers, the variations 
of joining them together is almost limitless. These materials 
exhibit a great variety of physical and mechanical behaviour 
but there is one broad classification: there are two classes 
of plastics materials, viz. thermoplastic and thermosetting.
The thermoplastic materials can be softened and resoftened 
indefinitely by the application of heat and pressure; the heat, 
however, must not be such as to cause chemical decomposition. 
Thermosetting materials on the other hand undergo a chemical 
change when subjected to the action of the required heat and 
pressure. Subsequently, their shape cannot be changed by the 
application of more intense heat or higher pressure. It will 
be clear then, that all plastics materials are initially 
thermoplastic in character and it is the result of the heat 
required to soften the thermosetting plastics, to cause them 
to flow under pressure, that causes them to lose their charac­
teristic structure and cease to be thermoplastic.
When a thermoplastic material is heated, the long chains 
move apart or when the arrangement is under an increase of 
pressure, the long chains slide relative to one another.
Unlike metals, the atoms of thermoplastics materials are not 
closely packed and therefore will soften more easily.
In a thermosetting plastics material the monomers are 
not only joined at their ends but also have a chemical attrac­
tion which permits links to be formed between the long chains. 
These links are strong and maintain the chains at definite 
spacings. Their strength prevents sliding and as a result 
they are rigid at all temperatures below that of decomposition. 
In addition, because of the close packing of the atoms, it 
is not possible for solvents to penetrate the chains and 
consequently the material is insoluble, although some solvents 
do cause swelling to occur.
Thermosetting resins by themselves are not usually 
utilised as structural materials but when reinforced with 
fibres such as glass or carbon the resulting laminate inherits 
very high ultimate tensile and compressive stresses. These 
laminates consisting of resin and fibre are known as reinforced 
plastics in which the glass fibre reinforced polyester (G.R.P.) 
is the most important type.
The greatest advantage associated with reinforced 
plastics as a structural material is perhaps due to the ease 
with which the material can be fabricated and the variety of 
fabrication methods that are available. Flat and corrugated 
sheeting and curved shells may be readily fabricated in a 
wide range of sizes because of its low weight.
The short-term ultimate tensile strength of reinforced 
plymers varies from 200 to over 350 MN/m2 depending upon the 
glass resin ratio and fibre orientation, these high strengths 
are usually sufficient for most structural purposes and 
because of these high strengths, the safety factors in G.R.P. 
structures are imposed on deflections and not stresses.
The use of glass reinforced polymers as a structural 
material presents some disadvantages. Generally it creeps 
with time though at a slower rate than the thermoplastics 
materials. It shows a reduction in ultimate strength with 
time even under the static loading. Moreover the properties 
of fibre reinforced plastics can be affected by environmental 
conditions such as temperature, heat and moisture. However, 
most of these disadvantages can be overcome by correct 
design procedures.
1.2. Glass reinforcement:
Glass fibres are manufactured for the reinforced plastics 
industry by the rapid drawing of molten glass from an elec­
trically heated furnace continuously and at high speed through 
platinum bushings. In emerging from the bushings 204 filaments 
are bundled together to form strands and these filaments are 
bonded to each other by lubricant or size to reduce the 
abrasive effect of filaments rubbing against one another.
There are three types of glass fibres:
a. E glass of low alkali content is the commonest glass 
on the market and is the one used in the construction 
industry.
b. A glass of high alkali content and used mainly in 
the aircraft industry.
c. S glass used for space research.
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The E glass filament has a diameter of 4 - 18.75 x 10 mm 
and a modulus of elasticity of 140 GN/m2 , this latter property, 
however, is reduced to about 70 GN/m2 after handling.
Glass strands for reinforcing thermosetting resins may 
be used in a number of different ways.
a. Chopped strand mat is manufactured from chopped
strands and is probably the most important form of
glass fibre reinforcement in present day use. The 
glass strands are bonded together in a random two- 
dimensional manner with a resinous binder to form 
the m a t .
b. Continuous rovings are formed by bundling together 
continuous strands, these are then wound into a 
cheese.
c. Woven rovings are used in mouldings and laminates
to produce high directional strength characteristics 
generally in two directions at right angles to each 
other.
1.3. Carbon fibres:
The acrylic fibre PAN is used in all commercial carbon 
fibre produced in Britain, the development process being 
patented by the Royal Aircraft Establishment and several firms 
are under licence to manufacture these fibres.
When caibon fibres are combined with epoxy resin in the 
Pultrusion process the resulting composite has exceptionally 
high unidirectional strength and elastic modulus.
It is possible to produce carbon fibres with a tensile 
modulus of at least 400 GN/m2. The modulus is closely 
related to the degree of orientation of the graphite layers 
in the fibre structure; these layers must be substantially 
parallel to the axis of the fibre.
1.4. Structural forms for G.R.P. materials:
Table 1.1. shows the typical mechanical properties for 
glass reinforced plastics composites.
Material
Glass content 
(percent by 
weight)
specific
gravity
Tensile 
modulus 
(GN/mm2)
Tensile 
strength 
(MN/m2 )
unidirectional 
rovings (fila­
ment winding 
or Pultrusion)
50-80 1.6-2.0 20-50 400-1250
Hand lay-up 
with chopped 
strand mat
25-45 1.4-1.6 6-11 60-180
Matched dye 
moulding 
with Preform
25-50 1.4-1.6 6-12 60-200
Hand lay-up 
with woven 
rovings
45-62 1.5-1.8 12-24 200-350
D.M.C.
Polyester
(filled)
15-20 1.7-2.0 6-8 40-60
S.M.C. 20-25 1.75-1.95 9-13 60-100
Table 1.1. Typical mechanical properties for glass reinforced 
plstics composites.
It is clear from the table that plastics and glass 
fibre materials, and the composites manufactured from them, 
have low moduli of elasticity. Consequently, if such com­
posites are to be used as load bearing components, the 
structural form must be chosen so as to overcome the apparent 
lack of stiffness in the overall structure. The required 
rigidity of the structure or unit is then derived from its 
shape rather than from the material; the strength of the 
structure is, of course, only a function of the strength of 
the material.
Surface structures such as domes, shells, hyperbolic 
paraboloids and folded plate systems show convincingly that 
stiffness is primarily a function of the geometry of the 
structure and these depend only on the strength properties of 
the material of which they are made. It is significant 
that most developments in plastics structures are curvilinear 
and are typical examples of stressed skin construction in 
which the skin not only forms the enclosure, but also con­
tributes substantially towards carrying the external loads. 
There are various configurations possible for folded plate 
structures manufactured from prefabricaed plastics sandwich 
panels. This type of structure is attractive to the
manufacturer because, being composed of flat panels, moulds 
may be relatively simple.
Glass reinforced plastics laminates may be used for 
semi-structural applications; these include the construction 
of load bearing and infill panels. Corrugated and folded
sheets of thermosetting materials reinforced with glass 
fibres have found a wide field of application.
1.5. Skeletal/Continuum G.R.P. folded plate structures
The critical factor in designing G.R.P. folded plate 
structures is the buckling of a thin continuum. Increasing 
the thickness of the continuum to increase the stiffness 
will give rise to an uneconomical use of the materials. 
However, an effective method of providing greater stiffness 
and strength to GRP folded plate structures is to introduce 
skeletal-members which are connected to specific points in 
the continuum component. In the proposed composite structure 
the continuum would be manufactured either by hand lay-up 
(described in Section 1.5.1) or a semi-mechanical process, 
using a chopped strand mat and polyester resin in which the 
fibre volume fraction would be 30-35 weight %, the elastic 
modulus would therefore be low. The members forming the 
skeletal part of the construction would require unidirectional 
strength and stiffness and would be manufactured by the 
poltrusion technique (described in Section 1.5.2 using con­
tinuous unidirectional rovings and polyester resin; the 
fibre volume fraction in this case would be about 65-70 
weight %. The modulus of elasticity of the material, although 
higher than that of the continuum, would be less than one 
third that of steel and therefore within certain areas of 
the composite construction it might be necessary to use a 
hybrid component consisting of glass and carbon fibre in a 
resin matrix.
The combination of a skeletal system with a continuum 
one stiffens the continuum against buckling in two ways:
a. By reducing the stresses in the continuum as a 
portion of the external loads are carried by the 
skeletal system.
b. By providing restraints at intermediate points at 
the common connections between the continuum and 
the skeletal members of relatively high beding 
stiffness resulting in a much less slender con­
tinuum. The buckling will be confined to local 
areas thus providing a high reserve strength in the 
post buckling path.
1.5.1. The hand lay-up technique:
In this technique only one mould is used, and this may 
be either male or female. Most materials are suitable for 
mould making, but probably the most common one is G.R.P. A 
suitable master pattern is prepared and from this, G.R.P. 
units may readily be made. Fig. 1.1. shows the hand lay-up 
operation. To prevent bonding of the G.R.P. components to 
the mould, a release agent is applied to it and then allowed 
to dry before any lay-up is undertaken.
Split washer roller
Glass/resin
composite
Glass reinforcement 
and resin
Mould
Fig.1.1. Hand lay-up moulding method
1.5.2. Pultrusion technique:
The pultrusion technique is one in which continuous 
strands of a reinforcing material are coated with a resin 
and pulled through a die to form continuous lengths of a 
desired shape. Thermosetting resins are used almost exclu­
sively with polyester resin comprising the majority of the 
annual volume of pultruded stoke. Fig. 1.2. shows a dia­
grammatic representation of the technique. The various stages 
of the technique are:
PullerHeated die Tunnel
oven
Resin tankCreel
Fig. 1.1. Pultrusion technique
(a) resin impregnation;
(b) shape preformer;
(c) cure and tooling;
(d) puller;
(e) cut off.
In the operating process glass fibre rovings are pulled 
by pullers from creels into a resin bath, where impregnation 
occurs. The excess resin is removed and the uncured com­
posite is passed through a preformer where the approximate 
shape is reached. Curing and final shaping is then achieved 
within a heated die and a flying saw cuts the pultruded com­
posite into the desired lengths.
1.5.3. The analytical method:
The Finite element method is used in this work for the 
theoretical analysis of the skeletal/continuum G.R.P. space 
structures. Two types of elements are used, these are the 
rectangular plate element for the idealization of the con­
tinuum and the line element for the skeletal members. The 
procedure originates by combining the stiffnesses of the two 
types of elements in one overall stiffness matrix of the 
composite.
Two Finite element analysis computer programs in Fortran 
are written for linear and stability analysis of skeletal/ 
continuum G.R.P. space structures; the programs provide 
application to any configuration of an assembly of the two 
components within the limitations of rectangular continuum 
panels.
The stability analysis consists firstly of predicting 
the first critical load of the structure as a factor of the 
externally applied loads and secondly defining by relative 
displacements (eigen vector) the buckled shape of the com­
posite.
The programs were applied to large and small scale 
structures; these included small scale skeletal/continuum 
systems made of perspex materials such as composite Vee 
sectioned beam, double layer with top and bottom layers 
fabricated from flat sheets of perspex which replaced the 
skeletal members and a double layer grid fabricated from a
flat sheet of perspex which replaced the bottom skeletal 
members. These structures were tested under different 
loading and boundary conditions, firstly to verify the 
theoretical combination of the two types of elements used in 
predicting the real behaviour of skeletal/continuum systems, 
and secondly to investigate theoretically the behaviour of 
these structures subjected to different parameter changes 
in both components.
The programs were also applied to G.R.P. composites. 
These were manufactured from C.S.M. laminate plates which 
were stiffened by pultruded G.R.P. rods, by pultruded carbon 
fibre rods and by steel rods, to investigate firstly the 
buckling behaviour of the composites and secondly the effect 
of stiffeners of different elastic moduli on the buckling 
load and behaviour.
The last application was on G.R.P. skeletal/continuum 
Vee sectioned prototype structure.
CHAPTER 2
REVIEW OF PREVIOUS WORK
2.1. Introduction:
Generally, there are two methods of stress analysis 
available for the solution of structural problems; these 
are the experimental and the analytical techniques. The 
former relies upon the well-known strain and deflection 
measuring techniques; in the present work electrical resis­
tance strain gauges and electrical displacement transducers 
were used to measure the strains and displacements of geo­
metrically similar models. The analytical method used in 
this work is the finite element technique. This technique 
has occupied the attention of many research workers over the 
last two decades and has provided a stress analysis solution 
to continuum structural problems of different mechanical and 
physical properties by considering the structure to be an 
assemblage of individual structural components or elements 
connected at a finite number of joints. A number of different 
procedures,including the estimation of initial displacement 
functions, have been suggested and are well documented. 
Solutions utilising this technique (or more generally the 
stiffness method of structural analysis) have also been given 
for skeletal systems using line elements and likewise have 
been well documented.
In the present work it has been necessary to combine a 
plate element, which could be a rectangular, triangular or 
quadralateral one, with a line element to provide linear 
and stability analysis to continuum/skeletal structural con­
figurations.
In this chapter a review will be made of some of the 
systems and the theoretical analysis which have been adopted 
in the past to provide solutions to the continuum/skeletal 
systems.
2.2. Previous investigations
Castillo (1) investigated the continuum/skeletal system 
when he analysed a thin concrete stab which was integral with 
a steel double layer grid. He called the double layer 
system ’the Tridilosa’ and an equivalent beam system 'the 
Triditrabe’; the former is shown in Fig.(2-1). In reference 
(1) no indication of the actual theory used is given but 
reference is made to the theoretical work by Castillo in 
reference (2)* from which the calculations for the elastic 
three dimensional structures are made.
In reference (1) it is stated that this system was the 
first to replace structural concrete completely in compression 
while the conventional systems where a part of the concrete 
beam is in tension and therefore not considered in design.
Al. Bazaz (3) used the above configuration in an experi­
mental loading test in a 'Tridilosa' assembly of dimensions 
10' x 10' x 1' with 3/8" diameter structural steel rods 
spaced at 20 inches centres and with a 2 inch thick low 
strength concrete slab on the top. The total bearing load 
was approximately 615 Psf. He also tested an identical 
structure but without the concrete slab and this gave a
* The author and the University Library were unable to obtain 
this book which is written in the Spanish language.
bearing capacity of only 41 Psf, failure of this system 
occured by buckling of the compressive members in the top 
layer of the double layer structure. A 1 . Bazaz did not 
compare the experimental results with any theory but conducted 
the work merely to show the effectiveness of the concrete slab.
The system has been used in the floor slabs of multi 
storey buildings and car parks in Mexico city, Mexico. In 
one of these buildings, the self weight of 16 'Tridilosa’ 
floors for a fifteen storey building was equal to that of 
the slabs of an eight storey flat slab building, with the 
added advantage of longer spans and greater bearing capacity .
It is admitted that in comparison with the traditional 
type of slabs, there are two distinct disadvantages:
(a) The lack of protection of the steel rods against 
fire and corrosion.
(b) The use of a larger amount of steel to counteract 
shear.
The former is overcome by painting the uncovered steel.
The latter is advantageously balanced by the savings in 
tension and compression steel and the volume of conrete 
beneath the neutral axes, and also savings in shutterings.
It is possible to avoid completely the use of form work.
Chambers et al (4) suggested a different type of space/ 
plate structure when they proposed a braced double skin 
structure in metal as an alternative to welded stiffened
plates. This structure is shown in Fig. (2.2.). Two theore­
tical approaches for the analysis of the assembly were used 
to compare their experimental results:
(a) Panel skins were represented by discrete strips 
joining the nodes transversely, longitudinally, and diagonally 
as shown in Fig. (2.3a), resulting in a double layer skeletal 
grid which was analysed by ICL program for space frame 
analysis contained in the civil engineering package as 
software to the 1905 computer.
(b) Finite element analysis was used to analyse a com­
bination of plate and beam elements as shown in Fig.(2.3b).
The analysis was carried out using a program obtained from 
the civil engineering department, Loughborough University.
A criticism of this reference is that details of the 
theoretical combination of the line and plate elements in 
the finite element formulation and the displacement func­
tions of the two elements are not given. However, it is 
shown that the plate element used is basedon an assumed 
stress function which tends to give compatibility more readily 
than was the displacement function approach, but discontinuities 
will be found in the stress distribution when moving across 
boundaries between elements.
A test for static behaviour was carried on the model of 
Fig.(2.3b) which is simply supported at all the peripheral 
nodes of the lower skin. A point load of 4.45 KN was applied 
at the centre (joint 13).
The space frame and finite element analyses revealed 
good agreement with the experimental analysis when comparing 
the axial forces in the diagonal members and reactions at 
the supports but the space fram analysis was shown to be 
inapplicable when investigating the skin stresses near the 
joints. The discontinuities which were revealed by the finite 
element solution in the skin stresses could not adequately be 
compared with the very low stress values found in the experi­
mental model when using the electrical resistance strain 
gauges. The authors may have obtain closer agreement had 
they used a more refined mesh size.
Deflections from the experimental solution were 50% 
greater than the theoretical values and this is attributed to 
the significant local curvature at the ends of the diagonal 
members.
The main conclusions from this investigation were:
(a) Resistance to local lateral loading on the skin was 
governed largely by the buckling of the rods under 
or near the applied load, rather than membrane 
action of the skin.
(b) Shear strength is relatively low, and less than 
simple theory predicts assuming a pin jointed panel 
(the shear here is the one due to horizontal forces).
(c) Overall crushing characteristics show that there is 
a capacity ot absorb energy as the struts buckle, 
and simple bending theory neglecting the effect of 
the diagonal rods is adequate for pure bending.
Bellamy (5) carried out an investigation into the 
effects of attaching roofing sheets to the top of a flat 
double layer grid. An experimental model was used to assess 
the accuracy of his finite element analysis.
The model was a rectangular mesh, which is shown in 
Fig.(2.4) and was loaded under a uniformly distributed load. 
Three cladding distances were used 2£”, 4|" and 6” from the 
top grid. Fig. (2.5) shows a top joint in the model. Deflec­
tions of joints and member axial forces compared favourably 
with test results but the stresses in the cladding did not 
show good agreement. These discrepancies were attributed to 
the following:
(a) The coarseness of the elements used which could con­
tribute errors up to 17.5% on deflections, and in
excess of this on stresses.
(b) A number of secondary factors, such as initial lack
of straightness of the sheeting, the overlapping 
and the overhangs of the sheets.
The conclusions were:
(a) The cladding had little effect on the behaviour of 
the roof structure except when it was nearest to the 
roof.
(b) The cladding, in general, had little effect on the 
behavour of the steel structure roof.
It would appear therefore that if the sheeting is not 
strong enough to carry a reasonable portion of the applied 
load, (say 20% across the span on its own) then there is
little point in including its effect in the analysis, This 
would confirm the standard design office procedure of neglec­
ting the effect of cladding.
Theron (6 ) used the finite difference calculus to 
analyse flat double layer grids, in addition a flat slab of 
perspex was analysed by the finite element method. . The two 
analyses were superimposed and called composite analysis.
Using the computer, numerical results calculated for 
simplified cases of two double layer grid systems, namely the 
parallel square mesh (Fig.2.4) and the inclined square mesh 
(Fig.2.6 ) manufactured from short 7" perspex tubes, Only 
vertical displacements were measured, and these compared 
favourably with the analytical analysis. The thin perspex 
plate was then cemented to the previous two models and the 
whole was retested under uniformly distributed load. The 
vertical displacement compared well.
No attempt -was made to investigate the influence of the 
various parameters on the behaviour of the structure.
Al. Bazaz (3) used the finite element for the analysis 
of composite double layer grids, in which the top layer is re­
placed by a plate which is connected to apices of the 
skeletal pyramidal units interconnecting the top and bottom 
layers. The theory is based on the combination of thin 
plate and line elements in one overall stiffness matrix for 
solution of displacements and ultimately stresses and 
reactions. The plate element used is a rectangular one 4 nodes
each of 5 degrees of freedom resulting from the uncoupled
combination of two inplane translational degrees of freedom
(u,v) for the inplane stress analysis and the three degrees
of freedom for the out of plane plate bending analysis
(w, 0 , 0 ) .  The inplane stress component is due to x y
Marshall (7) whilst the plate bending component is due to
Zienkiewicz and Cheung (8 ). The line element used is that
of a two ended member in space having six degrees of freedom
per node (6x, Sy, 6y, 0 , 0  , 0  ), the stiffness matrix ofx y z
the line element is given by Levesley (9),
It is noticed that the degree of freedom of the 
plate element (the inplane rotation of the plate) is missing. 
The inplane rotation in thin plates and the method of combining 
the two elements of incompatible degrees of freedom will be 
discussed in the third part of this chapter.
The experimental models were constructed from drawn 
seamless steel tubes of diameter and 0.035 in. wall thick­
ness for the skeletal members and perspex sheets of thick­
nesses i", i", 1/8". (Figs. (2.7) and (2.8) show the con­
figuration of the models used, Fig. (2.9) shows the connection 
of the skeletal pyramidal units with the perspex plate 
giving the positive and negative eccentricities at the top 
joints.
The purpose of the experiments undertaken were:
(a) To verify the theoretical analysis.
(b) To gain information regarding the effects of
eccentricity at the top joints. (It is not always 
possible to prevent eccentricity, as this would 
mean limiting the crossections used.)
In Al.Bazaz investigations two models were examined, 
Model 1 (Fig.2.7) was tested under single concentrated load 
at the centre with the model simply supported at four corners 
only. The test was undertaken on the three perspex sheets 
of thicknesses 1", 1/8" forming the top layer. Model 2
(fig. 2 .8 ) was tested for two different loading conditions; 
the purpose of this model was to investigate the connection 
between the perspex sheet and the apex of the pyramidal unit 
as seen in Fig. (2-8).
The first test was a flextural test in which a single 
load normal to the perspex plate surface was applied symmet­
rically as shown in Fig.(2.8).
The second test was a torsional test, it was an attempt 
to study the inplane rotation in the plate and was performed 
by applying an in-plane load as shown also in Fig.(2.8). 
However, it is stated that the plate warped under load and 
the rosette strain gauge results were completely non-linear 
or non-consistant, but dial gauge results and most tube 
strain results were linear. It must be stated that a theore­
tical solution to this loading condition is not possible 
because the inplane rotational stiffness in the plate is 
assumed zero in its formulation resulting in a mechanism at 
the joint between the plate and the skeletal apex.
From the results of the tests on the two models the 
following were concluded:
(a) Deflection predictions were good.
(b) Tube axial force predictions were good, especially 
in the case of the central and the corner tubes.
(c) The discrepancies in the bending stresses were con­
siderable in the tubes, probably because the order 
of magnitude was low and consequently misleading,
in addition the strain gauge readings were sensitive 
to wall thickness.
(d) In-plane stresses in the plates were reasonable, but 
bending stresses were not consistent. This was attri­
buted to the nature of the finite element used, in 
the relative coarseness of the subdivision, the im­
possibility of giving the exact thickness of the 
plate (which is of paramount importance in plate 
flextural stresses) and finally for the low levels
of bending stresses.
(e) From the tests undertaken on Model 2 it was concluded 
that the joint systems used were efficient and the 
analytical idealization approach gave good consistent 
results.
The conclusions regarding the effect of eccentricity at 
the top joints are as follows:
Positive eccentricity effects (the definitions of
positive and negative eccentricites are shown in Fig.(2.9))
(a) To increase the axial forces in the tubes nearest to 
the point of application and decreasing the axial 
forces in the furthest tubes.
(b) To increase the bending stresses in almost all tubes0
(c) To decrease in-plane stresses while increasing 
flexural stresses in the plate,,
Approximately the same effects were found in case of 
negative eccentricity. Conclusions regarding the effect of 
the thickness of the perspex sheets were to:
(a) Increase the bending stresses in the tubes with a 
decrease in the plate thickness0
(b) Increase the inplane stresses in the plate with a 
decrease in the plate thickness.
Theoretical parameter studies were undertaken on full 
scale steel skeletal double layer grids with a concrete slab 
on the top layer. These included the span, the thickness of 
the concrete slab, crossectional areas of the skeletal members, 
eccentricity at the top joints, the depth of the grid and the 
configuration. The conclusions were:
(a) That considerable structural rigidity was achieved 
by using reinforced concrete slab instead of the 
top tubular grido There was considerable reduction 
in deflections of up to 70% for spans of 100 ft.
(b) That a reduction of about 22% in maximum shearing 
force was achieved for a span of 100 ft0
(c) That stresses in the slab were very small in com^ 
parison with the allowable concrete stresses.
2.3. Aspects of the finite element method applied to the 
analysis of skeletal/continuum space struetures:
When the plate and line elements are combined in one 
glbal stiffness matrix, compatibility should exist for each 
degree of freedom at the nodes. For rigidly jointed skeletal/
continuum space structures, both elements should have six
degrees of freedom per node. The line element would be that
of two ended member in space having three translational and
three rotational degrees of freedom per node (Sx, 6y, 6z,
0 > 6 i 0 )(as shown in Fig.(3.3a)) and consistant with x y z
skeletal structural theory (9). For a plate element in
space the six degrees of freedom can be achieved by the
uncoupled combination of inplane degrees of freedom (u, v, 0 )
used for inplane stress analysis, and the out-of-plane
degrees of freedom (w, 0 , 0 ) used for plate bending
x y
analysis (The degrees of freedom for the plate element are 
shown in Fig.(3.3b)).
However, most thin plate finite element formulations 
include only two translational degrees of freedom for the 
inplane stress analysis (u, v) and neglect the inplane rota­
tion (0 ), in general the choice of including 0 in the
Z  Z
formulation is necessarily arbitrary since there is no unique 
value of such a rotation (apart from a rigid body movement) 
at a point in a two dimensional continuum. Therefore, the 
concept of using the inplane rotation and the moment (M )Z
which corresponds to it is not fully tractable to physical ex­
planation, and hence with formulations excluding 0 onlyz
five degrees of freedom per node is achieved.
The use of five degrees of freedom in folded plate 
structures causes singularity to arise in the stiffness 
matrix at nodes where elements are co-planar and to overcome 
this difficulty Zienkiewicz (10) proposes the use of a fic­
titious rotation stiffness. The fictitious set of rotation
stiffness coefficients proposed for triangular elements are 
defined by a matrix such that in local coordinates equilibrium 
is not disturbed, i.e.
Mzi
M .
zj
-“zk-
= ^Et A
1, -0.5
1
Sym.
-0.5
-0.5
1
re . l
Z1
0 .
ZJ
0
- z k -
Where E is the elastic modulus, t is the thickness 
of the plate,A is the area of the triangle, and is a constant 
The coefficients will in fact affect the results because they 
occur at nodes where the elements are not co-planar as the 
set of the coefficients are used in all elements. However, 
the effect of the coefficients on the solution is minimized 
by using very small values for « . For practical purposes 
a value of 0.03 or less is recommended; this value is found 
to have negligible effect upon the results. Following the 
same procedure, the coefficients matrix for the rectangular 
element will be:
“m
Zl
o
1
CD CD
COCO1 COCO1
ICOCO1 ~e . "
Zl
M  .
zj = ^EtA
0.99
COCO1 COCO1 e .
zj
Mzk Sym. 0.99 -.33 e zk
_MzL_ 0.99 _0 zL _
At nodes where line and plate elements meet, the physical inter­
pretation is that the line elements will be virtually free
to rotate in the direction of 0 with perfectly well behavedz
stiffness matrix. Physically this is not true in a rigid 
joint. However, since the inplane rotational stiffness is 
very high in comparison with the bending and torsional stiff­
nesses of line elements (and hence a very small contribution 
to the behaviour of the skeletal system would be expected 
from the inplane rotational stiffness), the method could be 
used for combining line elements of six degrees of freedom 
per node with plate elements of five degrees of freedom per 
node in solutions of skeletal/continuum space structures.
In situations where a flat plate is used, such as com­
posite double layer grids, an alternative method can be 
applied to solve the problem. Al. Bazaz (3) inserted a 
large number (1075 ) in the diagonal of the zero rows and
columns of the stiffness matrix corresponding to the 0 degreez
of freedom for all the nodes except those where the line and
plate elements meet; by so doing complete freedom is given
to the line element to rotate in the direction of 0 . Hez
also investigated the extreme alternative (i.e. considering 0 
to be zero) by constraining the nodes where line and plate 
elements meet. Under these two conditions theoretical tests 
were undertaken on a composite simply supported double layer 
grid which had a horizontal load applied to the perspex sheet 
at the top layer. The difference between the two solutions 
was found to be negligible except for the torque in diagonal 
members at the central area. However, because the torque in 
the members were low in comparison with other bending moments 
he considered this difference to be insignificant.
The fictitious coefficients approach to the formulations 
for inplane stress analysis having only two translational 
degrees of freedom (u, v) does give solutions to skeletal/ 
folded plate structures. However, it lacks in one important 
aspect. The inplane displacement field has two degrees of 
freedom whereas the bending displacement field has three.
This "makes it difficult to use the same shape functions for 
both the inplane stress and bending analysis.
The difference between the functional variations of the 
inplane displacement field and the transverse displacement 
field leads to gross violation of conformity between con­
tinuous elements which do not lie in the same plane (11).
The utilization of the inplane rotation 0 as an addi-z
tional degree of freedom enables the same shape functions to
be employed for both inplane stress and plate bending analysis
In such a formulation six degrees of freedom are achieved
by combining the inplane degrees of freedom (u, v, 0 ) withz
the out of plane degrees of freedom (w, 0 , 0 ) ideally
x y
suited for the analysis of three dimensional plate assemblies 
forming folded plate structures combined with skeletal systems
McLeod (12) developed a rectangular element for in-plane
stress analysis with three degrees of freedom per node
(u, v, 0 ), where 0 was defined as at alternatev * * z * z 3x 9y
nodes. The element was derived for the analysis of shear 
walls combined with beams at openings in the plane of the wall 
and possessing bending stiffness.
Tocher and Hartz (13) developed a high-order triangular
element for in-plane stress analysis with six degrees of
freedom per node including strains (u, v, e e , y , 0  = -|^ )
x y xy z d x
with an application to a clamped edge disc loaded at the 
centre and with an inplane concentrated moment (Mz ).
Pole and Felippa (14) developed a higher-order rectangular
element•for inplane stress analysis with four degrees of
freedom per node (u, v, 4^), the third and the fourth
d X  d y
degrees of freedom are the rotations of the two sides at a 
node.
The formulation, used by the author in the present inves­
tigation is that of Scordelis (15). This investigator was 
analysing continuous box girder bridges. The rectangular 
element of six degrees of freedom is formed by the uncoupled 
combination of in-plane degrees of freedom (u, v, 0 ) and the
out of plane bending degrees of freedom (w, 0 , 0 ); it is
x y
important to mention here that the same shape functions are 
used in setting the displacement functions for both inplane 
and out of plane deformations. The inplane rotation 0z is 
defined, at each of the four nodes, as the average of the 
rotations of two adjacent sides of the element at any particular 
node as 0z = l[(|| - g)].
During the progress of this work three papers (16), (17), 
(18) have been published in which discussions have been made 
and applications on the two different types of elements 
used, viz. the thin plate element for the continuum component 
and the line element for the skeletal component.
1. in situ concrete.
2. precast lightweight concrete.
3. tension steel in the lower part of the grid.
4. compression steel in the upper part of the grid.
5. bracing members.
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CHAPTER 3
FINITE ELEMENT ANALYSIS OF SKELETAL/CONTINUUM
SPACE STRUCTURES
Part a. Linear Analysis
3.1. Introduction
The finite element method of analysis has developed 
rapidly over the past two decades, and is now widely used 
to provide solutions to engineering problems. The basic 
mechanics of the method are well established, having been 
extensively treated in the literature,. Present growth 
mainly involves broader application of the method to prac­
tical problems and refinement of the basic techniques. The 
widespread use of finite element analysis is clearly demon­
strated by the diverse range of problems, to which 
Zienkiewicz (10) refers, in his standard textbook on the 
subjecto
The finite element displacement method is described in 
detail by Zienkiewicz (10). The continuum to be analyzed 
is divided into a number of finite elements, which are 
interconnected at a discrete number of nodal points situated 
on their boundaries (see Fig03 0l). The displacements of these 
nodal points are the basic unknown parameters of the finite 
element problem. Suitably chosen displacement functions 
define uniquely the state of displacement, within each finite 
element, in terms of its nodal displacements.
The displacement functions in turn define uniquely the state 
of strain, within an element in terms of nodal displacments. 
The state of stress within an element may be defined in 
terms of strains and the constitutive properties of the 
element material. By invoking the principle of virtual dis­
placement or the principle of minimum potential energy, a 
static loading problem is reduced to the solution of a set 
of simultaneous equations:
[k] {d} = {p}  3.1
where:
{d} = vector of all nodal displacements.
{p} = vector of statically equivalent applied nodal 
loads, acting on the nodes.
M  = stiffness matrix of the finite element model 
of the continuum.
3.2. The types-of elements used:
To analyze the composite (skeletal/continuum) space 
structure using the finite element method, it is necessary 
to combine the line and plate type of elements. The direct 
stiffness method is used for the formulation of the stiff­
ness matrix of the structure using the stiffness matrices 
of all line and plate elements. The stiffness matrix of 
the rectangular element i j k L of Fig.3.2. is:
k = 
P
~k. .li k. .13
k. - lk *
*
H-
.1
•H•<”5 k .33
k
3 L
k. . ki
k .
kj kkk kkL
kT •_ Li k .L 3 kLk kLL_
and the.stiffness matrix of the skeletal diagonal member 
(Fig.3.2.) connected at two ends only (i-k) is:
S. .n
i----
•H 
i 
W
S, . ski kk
k = s
combining the two elements in the overall stiffness matrix 
according to the common nodes results in:
1 I I
Kps
li
li
33
1
•H k. .ki kkk+S. . ki +Skk
kT • Li kT . Lj kT iLk
k
kJ
3.3. Basic concepts and the displacement functions of the 
elements:
For the overall stiffness matrix of Sec, 3.2. to have 
a solution when the two types of elements have been combined, 
compatibility should exist for each degree of freedom at the 
nodes. The line element used in this work is that of a two 
ended member in space, having six degrees of freedom per 
node (three transtational and three rotational as shown in 
Fig.3.3a), and consistant with skeletal structural theory (9). 
The stiffness matrix of the member k is given in appendix 1. 
Consequently the plate element in space should have six 
degrees of freedom per node, and this is achieved by the
uncoupled combination of in-plane degrees of freedom (u, v, 0 )z
and out of plane bending action (w, 0 , 0 ) shown inx y
Fig.3.3b. However, most finite element formulations based
on thin plate theory include only two transtational degrees
of freedom for the inplane stresses (u and v) and neglect
the inplane rotation 0 (Fig.3.3b), as it is necessarilyz
arbitrary because there is no unique value of such a rotation 
(apart from a rigid body movement) at a point in a two dimen­
sional continuum. Therefore, the concept of using the in­
plane rotation and the moment which corresponds to it is not 
fully tractable to physical explanation and hence combining
such formulations (u and v) with the bending action (w, 0 , 0 )x y
results in an element with only five degrees of freedom 
per node.
It is not possible to use such formulations in combina­
tion with line elements possessing bending or torsional 
stiffness unless certain approximations are introduced. A 
fictitious set of rotation coefficients can be used in the 
stiffness matrix of the plate element because the inplane 
rotation stiffness is relatively high in comparison with the 
bending and torsional stiffness of the line elements.
The coefficients proposed by Zienkiewicz (10) for a 
triangular element are defined by a matrix in such a way that 
in local co-ordinates the equilibrium for the degree of 
freedom concerned is satisfied:
rM . i
Z l
i
O 0.5 0.5" re . "|
Z l
M .
Z J
= rcEtA -0.5 1.0 0.5
ezj
- M Z k -
-0.5 -0.5 1 .0 . -6zk-
where E is the elastic modulus of the material, t is the 
thickness of the-material, A is the area of the triangle, 
and « is a constant.
In many circumstances it has been found, by Zienkiewicz (10), 
when the constant a is varied between wide limits the effect 
is small, and it has been recommended that small values of 
0,03 or less should be used for practical problems. Clearly 
such an approximation will not be possible for a line element 
in pure bending or torsion.
A more realistic and appropriate approximation can be 
achieved by including the inplane rotation as an additional 
degree of freedom and as a function of the inplane transta­
tional displacements in the original formulation where the 
analysis for any deformation pattern will be possible, i.e. 
situations where line elements could be in pure bending or 
torsion. Such formulations have been carried by Tocher and 
Hartz (13), Macleod (12), Scordelis (15) and Pole and 
Fellippa (14).
In this investigation the formulation given by Scordelis (15) 
is used where the inplane rotation at a node is defined as:
z = *
9v _ 9u 
9x 9y
The formulation considers rectangular elements only, the 
displacement functions, stress matrices and the stiffness 
matrix will be fully discussed in the next section.
3.3.1. The displacement functions of the rectangular 
element':
As mentioned in the previous section the rectangular 
element used in combination with the line element has been 
developed by Scordelis (15). The element developed for the 
analysis of continuous box girder bridges contains the dis­
placement functions and the stiffness matrices for both 
inplane stresses and out of plane bending action.
This results in 6 degrees of freedom per node compatible 
with those of the line element and suitable for the analysis 
of skeletal/continuum space structures.
Stiffness matrices based on selected displacement
patterns are derived in the local coordinate system for
membrane action k and for slab action k in a typicalsp ss J *
finite element:
f > / \
s K 0 6sp sp sp
► = •i
S 0 K 6
v. SS J _ ss ss  ^ /
Sincd membrane action and slab action in an element are
uncoupled, the 12 x 12 matrix K and the 12 x 12 matrix Ksp ss
may be derived independently of each other by considering 
separately the plane stress problem and the plate bending 
problem.
3.3.2. Element stiffness for membrane action. Plane stress 
analysis
As shown in Fig.(3.4) the displacements at a typical 
node i are:
(1) A displacement in the x direction, u^
(2) A displacement in the y direction,
(3) An averaged rotation about z-axis, 0 . defined by:Z1
The displacement pattern over the surface of the element 
due to each nodal point displacement is built up from an 
assumed variation defined by a function along one edge of 
the rectangular element which is reduced to a zero value at 
the far edge by damping function. The functions used for 
this purpose are shown in Fig.(3.5) and consist of a linear 
function, a beam rotation function which has the deflected 
shape of a beam subjected to a unit rotation at one end and 
fixed at the far end, and a beam displacement function which 
has the deflected shape of a beam subjected to a unit dis­
placement at one end with both ends fixed against rotation.
A similar set of functions, in the x and y directions, is 
required for all four nodal points and a complete list of 
these is as follows:
(1) Linear function x x (x)
Xa(a-x)
y 2 (y)
= <*=*) 
= cf)
- <¥> 3.4
y (b-y) = (Z ) b
(2) Beam rotation function
x2 (x)
x2 (a-x) = a
y,(y) = b
y2(b-y) = b
(£) _ 2(5) + (5)
a a a
x 3 x 2
- ( f)  + (!>
(£)3 - 2(g)2 + (g)
>
(3) Beam displacement function
X3(x)
x 3(a-x)
y 3(y) 
y 3 (b-y)
= [2 (f)3 - 3(f)2 + l]
= [-2(f)3 + 3(f)2]
= [2 (g)3 - 3(g)2 + l]
- ["2(& )3 + 3(b>2]
.3
The first step in the development of the finite element 
stiffness may now be initiated by specifying the displace­
ments u and v in terms of expressions 3.4, 3.5, 3.6. The 
displacement patterns assumed for nodal point displacements
u., v. and 0 . are shown graphically in Bigs. (3.6), (3.7), 1 1  z 1
(3.8). A similar set of displacement patterns exists for 
points j, k, L giving a total of 12 displacement patterns 
to be superposed.
The displacement functions can be written out totally 
in terms of 12 generalized co-ordinates « to cc12:
Nodal Point translation 
in x-direction
u(x,y) = “ jX jCx ) y j(y)
• ^XjCa-x) yx(y)
-K^XjCa-x) y1 (b-y)
*Krioxi(x) YjCb-y)
Nodal Point rotation 
about z-axis
-oc3x3(x) y2(y)
y2(y) 
■^9X3(a-x) y2(b-y)
•*-i2x3(x) y2(b-y)
Nodal Point i
Nodal Point j
Nodal Point k
Nodal Point L
3.7
Nodal Point translation 
in y-direction
v(x,y) = oc2x1(x) y:(y)
■n^x^a-x) ya(y)
-f^gx^a-x) y j (b-y) 
^iixi(x) Y1 (b-y)
Nodal Point rotation 
about z-axis
-kc3x2(x) y,(y)
-oc6x2(a_x) y3(y)
- % x 2(a-x) y3(b-y) 
-^i2x2(x) y3(b-y)
Nodal Point i
Nodal Point j
Nodal Point k
Nodal Point L
0Z(X y) rea-dily formulated in terms of the 12 generalized 
co-ordinates using equation 3 030
The stiffness matrix of the element is derived by the 
virtual work as :
k = A"1"
T -
k "a -1” .......... .......  3.9sp P sp P
ksp /Bt D B dvp p p
v
3.8
3.10
The A matrix relates the nodal point displacement V 
P P
to the generalized co-ordinates a .
(V } =
P
12x1
N<v 3.11
12x12 12x1
The matrix A is found by substitution of the coordinates 
P
of the nodal points into the expressions of u, v, 0 and isz
given in appendix 1 .
The B matrix in equation 3.10 relates the internal 
P
strains e in the element to the generalized coordinates a :
{e (x,y)} = ,
3x1
x
Yxy
3u
Bx
3v
3y
3u 9v_ 
By Bx
= [Bp (x »y)j {ocp } —  3 -12
3x12 12x1
The matrix D relates the stresses to the internal strains: 
P
{a(x,y)} = Dp
3.13
X
xy
Eh u
u
(i=E) 
 ^2 ;
x
Yxy
... 3.14
Substituting 3.12 into 3.13 and = j ^ p ^ ^ p -^ 1
Equations 3.10, 3.9 are evaluated explicitly and the elements 
of 12x12 stiffness matrix K are given in appendix 1 .
3.3.3. Comments regarding the compatibility properties of 
the nodal point displacements and the displacement 
functions chosen for the finite element:
Consider a typical nodal point i joining four adjacent
rectangular elements, Fig.3.9 and restating the definitions
of the shearing strain y^ and the nodal point displacement
0 . defined earlier: zi
/3v. , ,Bu n
Y i = <35E>. + <37>.1 ? 1
—  1 
zi “ 2
3v _ ,3u.
3y y
It is apparent that even though the averaged rotations
0 for each of the four elements joined at nodal point i are
made to have the same value, there will be an angular dis­
continuity between the common edges of adjacent elements 
which is proportional to the difference in shear strain 
existing in the elements joined at nodal point i.
Four possibilities are illustrated in Fig.3.9. In 
Fig.3.9a, it is assumed that the shear distortion in the four 
elements is zero, in which case full compatibility is achieved 
In Fig.3.9b, it is assumed that the shear distortion in the 
four elements is the same, in which case full compatibility
is again achieved. In Fig.3,9c, it is assumed that only
equal pure shear distortions of opposite sign occur in
adjacent elements. In this case 0 .=0 for the four elements.° zi
Finally, in Fig.3.9d, in the general case where rotation plus 
a different shear distortion exist in the four elements, 
angular discontinuities occur even though 0  ^ is the same 
for the four elements.
From the results of numerical studies carried out by 
Scordelis (15) it has been found that the effect of these 
discontinuities is very small and that the element chosen for 
the analysis of continuous box girder bridges gives more 
accurate results for a given mesh size than does a fully 
compatible element used by other investigators, which includes 
only the two degrees of freedom u^ and v^ at each nodal point
3.3.4. Element stiffness matrix for slab action. Plate 
Bending Analysis
For the plate bending element each node is assumed to 
have three degrees of freedom (Fig.3.10), the displacements 
of a typical node i are:
(1) A rotation about the x-axis 0 defined by: v ' x i ’ J
exi =
(2) A rotation about the y-axis defined by:
(3) A displacement in the z-direction, w^.
The corresponding nodal point forces are moments about
1
y:
x and y-axis, M . and M and a force in the z-direction, F . .’ xi yi ’ zi
The displacement pattern over the surface of the
element due to each nodal point displacement is built up
following the same procedure of section 3.3.2. in formulating
the displacement functions for inplane stress analysis
(u, v, G ) and using the same damping functions given in Eqs. z
(3.4), (3.5) and (3.6) and are shown in Fig.(3.5). The dis­
placement patterns assumed for nodal point displacements
, w. are shown graphically in Fig. (3.11), (3.12) and xi yi l
(3.13). Similar set of displacement patterns exists for nodal
points j, k and L giving a total of 12 displacement patterns
to be superposed. The displacement pattern corresponding to
w^ shown in Fig.3.13 is a pure twist pattern and also contributes
to . and . displacements, 
xi yi
The displacement functions can be written out totally in 
terms of 12 generalized coordinates cc13 to °c2 h ;
Nodal Point rotation Nodal Point rotation Nodal Point translation 
about y-axis about x-axis in z-direction
w(x,y) = *13x2(x) y3(y) + ccl4x3(x) y2(y)
-<*16x2(a-x)y3(y) + yx3(a-x) y2(y)
:19x2(a-x)y3(b--y)
-*c22x2(x)y3(b-y)
°C2oX3(a~x)y2(b~y)
“23x3<x)y2(b-y>
+« x,(x)y (y) nodal
point i
-KSj 8x2 (a-x^ (y) nodal
point j
+“ x (a-x)y (b-y)nodal
point k
+°c x (x)y.(b-y) nodal
point L
The expressions for the rotations 3 W 3 wx 3 y ’ y 3 x
are found by the differentiation of the transverse deflection 
w(x,y) in terms of y and x.
Rewriting Eqs. (3.9), (3.10) and (3.11) specifically 
for the plate bending problem:
|T ~
kss ss A"1s
3.16
kss BT D B dvs s s
3. 17
The Ag matrix relates the nodal point displacements 
to the generalized coordinates
<V =-M <“s}
12x1 12x12 12x1
The matrix A is given in appendix 1, s
3.18
{ k ( x , y ) } = [Bs (x’y)] {“s}
3.19
3x1 3x12 12x1
k
x
{k, .} = «C x , y )
2k
► — 4
( 1 ^ ( 3 2w^
px
r\ ZOX
1
L. ZZ -4
3 2w
py 3y2 *
2 23 2w
^pxy > |^ 3x3y J
3.20
Internal bending and torsional moments are expressed
in terms of curvatures and twists to form the D matrix:s
{M, J  = I'D ] {k }
(x ,y ) L s (x,y)J
/ ■> — / >
M
X
1 y 0 kX
M
y
Et3
y 1 0 ky
► 12(l-yz)
M
xy
V  J
0 0 M
1
2k
xyj
where t is the plate thickness.
Substituting equation (3.19) into 3.21 and
= A 1 V : s s s
{M(x,y)J = [Ds][Bs(x’y>][Asj]{VS
Equations (3.17), (3.16) are evaluated explicitly and
the elements of 12x12 stiffness matrix k are given inss
appendix 1 .
3.21
3.22
3.4. The computer program:
A program which includes the line and plate elements 
for the linear analysis of the space composite structure 
has been written in Fortran 4. Each joint of the stiffness 
matrix is formulated completely and independently by scanning 
through the plate elements list and the member list; the space 
used for the joint is (6 x band width). After modification 
for the boundary condition effects, the elements are written
on an intermediate tape. The total stiffness matrix is 
re-read from the tape for the solution of the displacements 
using a space equivalent to the upper band width triangle 
(the shaded area of the stiffness matrix shown) and the 
load vector.
I Band W. i
After these operations the program solves an unlimited 
number of equations subject to a maximum band width restric­
tion. The forces at the ends of the skeletal members are the 
product of the stiffness matrix of the member and the dis­
placement vector of the two ends of the member. The inplane 
and bending stresses in the plate elements are found using
equations (3.15), (3.22) where {V }, {V } are the inplane and
P s
bending displacement vectors of the four nodes of the element.
Reactions are found by the product of the horizontal 
elements of the joint under consideration (previously stored 
in another array) and the total displacement vector.
The program has been written to analyse a skeletal/ 
continuum composite structure, a folded plate continuum 
structure or a skeletal space structure.
3.5. Analysis of classical plate problems:
The program was initially tested against simple 
classical plate problems to illustrate the behaviour and 
the rate of convergence for the element used.
Fig.(3.15), (3.14) show a simply-supported beam and 
a square plate respectively; both were uniformly loaded and 
divided into four different mesh sizes. Fig.(3.17), (3.16) 
show the corresponding variation of deflection and stress 
against the increase in the number of elements for the 
structure. As seen from Fig.(3.17) that small increase in 
the values of the central deflection of the beam and in the 
maximum direct stress is achieved by increasing the number 
of elements from 4 to 256 and the values obtained from a 
division of 64 elements have close comparison with the theory 
of elasticity solution. Likewise, in the plate solution, 
very close results are obtained at 100 elements and further 
subdivision results in very little improvement. It may be 
concluded then, ;that the function used converges to the 
solutions at reasonably mesh sizes.
As no known classical solutions exist, to the author’s 
knowledge, for skeletal/continuum system, it has not been 
possible to test the program against theoretical solutions, 
but it has been used to confirm experimental solutions in 
chapters 4 and 5.
Part B. Non-Linear Analysis
3.6. Introduction
The buckling of composites is a critical factor when 
designing thin continuum components. These components may 
buckle locally in the continuum or in combination with the 
skeletal members at particular positions. The form of 
buckling depends on the stress distribution in the two 
components and the boundary conditions; each component 
restrains the other which arises from the particular con­
figuration of the connection of the skeletal system to the 
continuum.
In part B, the finite element method is used to predict 
the load which causes the initiation of the buckling in the 
composite. A description of the computer program is given 
and simple plate buckling applications are discussed.
3.7. Finite element formulation considering non-linear 
behaviour
A general iterative method for non-linear analysis is 
given by Zeinkiewicz (3) utilising the principle of virtual 
work and large displacement theory. A ’Tangent stiffness 
matrix’ is derived for the element which includes all sources 
of nonlinearities:
K„ = K + K + Kt   3.23T o a L
where = Tangent stiffness matrix
K = Linear stiffness matrix of the element o
= symmetric matrix dependent only on the stress level 
and is called the 'Initial stress matrix' or 
'Geometric matrix'
= Initial displacement matrix or .'Large displacement 
matrix' and contains only terms which are linear 
and quadratic in the displacements.
The matrix KQ for the plate and line elements is given 
in appendix 1 and used for linear analysis of composites.
The non-linear effect matrices (K , KT ) are defined in
o ’ L
appendix 2 for the plate elements. The geometrical matrix
Kq for the line element corresponding to the 'Initial stress
matrix (K )' of the plate element is given also in appendix 2. 
a
In situations such as perfectly straight struts, plates,
shells, and 'box' sectioned members  etc., under inplane
stresses only, the large deformation matrix is exactly 
zero because of .the absence of bending moments and hence the 
coupling effect of bending stresses with the axial stresses. 
The distinct bifurcation point in these situations can be 
found by solving the typical eigenvalue problem for the 
equation:
dF = K + dfi E 0   3.24o A a
The buckling mode is expressed by determining the corres­
ponding eigen vector. Equation 3.24 is based on small dis­
placements and a linear variation of stresses with the dis­
placements. The stiffness matrix of the composite is
formulated at each stage by the line and plate elements of
stiffness matrices:
Plate element: K = K + Ko a
sp 0 “ "0 o "
K = +
_0 Kss _0
PQ
Line element: K = K + K„   3.26o G
Equation 3.24 is used to predict the first buckling 
load of the composite space structure. A computer program 
is written in FORTRAN 4 and solves for unlimited number of 
equations but is subject to a maximum band width restriction. 
The procedure for the solution is the reformulation of the 
stiffness matrix at every load increment using equations 3.25 
and 3.26 K „, will contain the new stress levels .
O d  Lr
The 'Initial stress matrix’ for the plate element is 
evaluated numerically by the known stress field in the 
element using Gaussian integration (10). Triangular decom­
position of the stiffness matrix is performed. The critical 
load is reached as the number of negative pivots of the de­
composed stiffness matrix changes from zero to one.
The program also predicts the buckling load for skeletal 
space structures by using line elements only or predicts the 
buckling load for continuum folded plate space structures by 
using plate elements only. A flow chart of the program is 
given in Fig.(3.18).
3.8. Application of the computer program:
A simply supported square plate under uniform inplane 
compressive stress (shown in Fig.(3.19)) was idealized into 
various numbers of elements to predict the buckling stress. 
The critical buckling stress is given by Timoshinko as:
TT E , tx 2
cr ' ' 12(1 - 1 0= (4)
oo
CM
V V X U W X W W W W X W X w W W M X
'7T7-/7T?
3.27
cr
thickness = 1 .0mm 
E = 2.0 x 105 N/mm2 
y = 0.3
= 18.058 N/mm
FIG.3.19. Simply supported plate under uniform 
compressive stress.
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Solution for eigen vector 
(buckling mode)
Triangular decompo­
sition of stiffness 
matrix
If N = 0 and previous N > 0
1+ 1
Number of negative pivots = N 
N > 0 reduce L„F0 
N = 0 increase L.F.
Linear analysis for the 
initial input loads.
Load factor (L.E.) = 1.0 
displacement vector = d
Plate and line elements
Ibimulation of the modified 
stiffness matrix of the 
structure using:
*r “ Ko + Ka
FIG. 3.18. Flow chart of the computer program for determining 
the buckling load and the corresponding buckling 
mode of the composite space structure.
Table 3.1 gives the predicted buckling loads expressed as a load 
factor. (The definition of load factor is that load
predicted by the program divided by the load predicted by
_/l /t \2 \
°cr 12( 1-y 2 ) b ^
Number of elements 
in full structure
Analyzed as Load factor
4 Full 0.991
9 Full 1.0034
16 Full 1.0068
25 Full 1.0078
36 Synmetry-one quarter 1.0126
64 n it 1.01
100 M IT 1.0034
144 II IT 1.0034
TABLE 3.1. Buckling stresses of the plate of Fig.(3.19) 
expressed as load factors.
Values corresponding to different number of elements.
From Table 3.1 it is seen that the load factors 
are very close to unity when course meshes are used and 
further subdivisions causes only small fluctuations.
As no known classical solutions for the stability 
analysis of skeletal/continuum systems are known to the author 
it has not been possible to test the program against these 
solutions, but it has been used to conform experimental 
solutions in Chapters 4 and 5.
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a
■I
Xl(x)=(
a) LINEAR FUNCTION
Xi, (x)
-/a-x
b
X
a
X2(X) f
•X X2(x)=a|(£)3-2 (£)2+(2j.)]
b) BEAM ROTATION FUNCTION
2(tt) - 3(^-1  +1^ X  X3(x)=
c) BEAM DISPLACEMENT FUNCTION
Fig 3.5 DISPLACEMENT AND DAMPING FUNCTIONS
linear
functionj
linear /  
function
ui
Z
a) PLAN VIEW b) VARIATION OF u OVER SURFACE
Fig 3.6 DISPLACEMENT PATTERN FOR NODAL POINT 
DISPLACEMENT U,
Y
a j
b
linear
function
linear'
function
Z
b) VARIATION OF v OVER SURFACE
Fig 3.7 DISPLACEMENT PATTERN FOR NODAL POINT 
DISPLACEMENT V,
a) e . PRODUCED u AND v DISPLACEMENTS
b e a m  d i s p l a c m e n t  
f u n c t i o n \
v
b e a m  rotation 
function
b) PLAN VIEW OF v DISPLACEMENT
c) VARIATION OF v OVER THE 
SURFACE
b e a m  d i s p la c m e n t  function
I b e a m  rotation 
Y function
e) VARIATION OF u OVER SURFACE
d) PLAN VIEW OF u DISPLACEMENT
Pig 3.8 DISPLACEMENT PATTERN FOR NODAL POINT DISPLACEMENT
a) ROTATION AT A NODE BUT NO 
SHEAR DISTORTION IN THE 
FOUR ELEMENTS
b) ROTATION AT A NODE WITH 
THE SAME SHEAR DISTORTION 
IN THE FOUR ELEMENTS
ANGULAR DISCONTINUrrY
ELEM.4
c) PURE AND EQUAL SHEAR
DISTORTIONS OF OPPOSITE SIGNS 
WITH ZERO AVERAGAD ROTATION 
IN THE FOUR ELEMENTS
ANGULAR DISCONTINUITY
ELEM.I
d) ROTATION AT A NODE 
WITH DIFFERENT SHEAR 
DISTORTIONS IN THE FOUR 
ELEMENTS
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FIG.3.14 MESH DIVISIONS FOR THE ANALYSIS OF UNIFORMLY- 
LOADED SIMPLY SUPPORTED SQUARE PLATE.
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FIG.3.15 MESH DIVISIONS FOR THE ANALYSIS OF UNIFORMLY- 
LOADED SIMPLY SUPPORTED BEAM.
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CHAPTER 4
EXPERIMENTAL AND ANALYTICAL INVESTIGATION OF THE 
BEHAVIOUR OF COMPOSITE PERSPEX MODELS
4.1. Introduction
Experimental models manufactured from perspex and having 
different boundary conditions were tested. The overall de­
flections of the structure and the stresses in the continuum 
and in the skeletal members are compared with the predicted 
results of the finite element program which is described in 
Chapter 3 Part A. The models were tested under low loads so 
that creep of the material was not sifnificant and the 
elastic strains were not excessive.
4.2. Description of the three models
4.2.1. Model 1 . Model 1 consisted of a Vee section con­
tinuum member connected to a skeletal system along the longer 
sides as shown in Fig.4.1. This composite construction could 
be used as a medium span roof system as shown in Fig.4.2. 
Perspex sheets of 2.5 mm thickness were used for the con­
tinuum component and the skeletal members were manufactured 
from perspex tubes with outside and inside diameters of 8 mm,
4 mm respectively. The joints in the continuum component, 
the nodal points of the skeletal component and the joints 
between the continuum and skeletal components were made by 
using Tensol Number 7 bonding agent.
4.2.2. Model 2 . A double layer space structure was manu­
factured from 2.5 mm thick perspex sheets which were posi­
tioned at the top and bottom levels; the diagonal members 
connecting these top and bottom plates were fabricated from 
8 mm diameter tubes of wall thickness 2.0 mm. A photograph 
of the model is shown in Fig.4.3.
4.2.3. Model 3 . A double layer space structure was con­
structed with the bottom layer manufactured from 1.0 mm 
thick perspex sheet and the top grid manufactured from 8 mm 
diameter tubes of wall thickness 2 mm. This latter layer 
formed a two way diagonal grid. The diagonal members of the 
space structure were fabricated from identical tubes to those 
used in the top grid layer Fig.4.4. shows the plan and a 
section of Model 3.
4.3. Analytical and experimental solutions for Model 1:
4.3.1. Experimental investigation and results:
Single concentrated loads were applied symmetrically 
to the model and electrical resistance rosette strain gauges 
were situated at the mid-span and extreme edges of the 
continuum. The positions of the loads and strain gauges 
are shown in Fig.4.5. From the strain gauges an estimate of 
the bending moment in the plate could be determined. The 
axial forces and bending moment in three selected tabular 
sections were measured by linear strain gauges, two of which 
were situated diametrically opposite each other on each of 
the members. Deflections of the structure were measured by 
dial gauges.
The experimental procedure for recording the deforma­
tions and strains involved averaging the initial and final 
zero readings and then deducing this result from the recorded 
reading after a time interval of one minute from the appli­
cation of each increment of load.
The deflection of the three joints, the axial forces 
in the three skeletal members and the stresses at points A 
and B in the continuum have all been plotted as a function 
of the external loads, and the results are shown in Figs.
4.6, 4.7 and 4.8 respectively.
4.3.2. Theoretical analysis and results:
As the model was symmetrical, only one quarter of it 
was analysed; the continuum was divided into two different 
mesh sizes. Figs. 4.9, 4.10 show the mesh division and 
joint numbering system of a total of 63 and 160 plate elements 
respectively.
The deflections of the overall structure, the stresses 
in the continuum and the axial forces in the skeletal 
members at specific positions and particular members are 
compared with those of the experimental solution in Figs. 4.6, 
4.7 and 4.8. A discussion of the results is given below.
4.3.3. Comparison between the theoretical and experimental 
solutions:
A comparison of the deflection and stress values obtained 
by using the analytical finer mesh division (160 elements) 
of Fig.4.10 and those of the experimental will be made. The 
joint numbers are given in Fig.4.5.
(i) Deflections of the composite structure. Table 4.1 and 
Fig. 4.6 show that the theoretical values when compared 
with the experimental ones are 4.5% greater for the mid-span 
joint (joint 1), 5.5% less for the near quarter span joint 
(joint 39) and 16.0% greater for a position adjacent to
the support (joint 77). It must be mentioned that the 
absolute values of deflection of this latter joint are 
small compared with the mid-span values and consequently a 
comparison of small quantities is being made.
(ii) Comparison of axial forces in the skeletal component
of the structure. It is shown in Table 4.2 and Fig.4.7 
that the theoretical values are 19.3% less than the experi­
mental one for compressive member 13-23, 39% greater for 
tensile member 1-.-11 and 95% less for the compressive 
member 13-20, but the actual value of this member is 
relatively small in comparison with the other two members; 
so here again small quantities are being compared.
Clearly, there are significant differences between the 
theoretical and experimental values of the axial forces in 
the skeletal members.
(iii) Comparison of stresses in the continuum of the structure.
The axial theoretical compressive and tensile stress
values at mid-span of the continuum component at position 
A and B are 0.85% greater and 2.5% less respectively than 
the experimental values. These experimental values have 
been calculated by taking the average stress on the two 
surfaces of the continuum (inner and outer faces, Fig.4.5).
The results are given in Table 4.3 and Fig.4.8 . However, 
it is clear from the graph that a relatively high experi­
mental bending moment at point A exists.
4.3.4. Discussion of results:
The variations between the analytical and experimental
analysis are of the order of 6% for the deflections,
(excluding joint 77 which is adjacent to the support and is
of very small value) and 3% for the axial stresses in the 
continuum. However, the discrepancy in the axial forces 
of the skeletal members between the two solutions is much 
greater; a discussion of this discrepancy will be made.
The analytical combination of skeletal members and 
plate elements into an overall stiffness matrix is based 
upon the assumption that the centroidal axis of the member 
intersects the midthickness of the plate at the specific 
joint. This assumption is not true in practice nor was it 
realized in the experimental model. Fig.4.11a and 4.11b 
show the theoretical and experimental connection between the 
skeletal and continuum components respectively; the eccen­
tricity for the model was 10 mm, which is 6% of the lengths 
of the skeletal members.
It was clearly necessary to investigate the effect of 
the eccentricity on the behaviour of the overall structure.
A short member connecting the joint and the midthickness 
of the continuum provided the eccentricity in the analytical 
model. The assumed cross-sectional area of this member was 
taken as that of the skeletal members. The arrangement is 
shown in Fig.4.11c. Because of the fictitious properties 
of the members considered and the effect of eccentricity on 
the results, three lengths of these short members
were considered (viz. 4, 7, 10 mm) and analyses were under­
taken using these values.
During the analyses a mesh division of 160 elements was 
used, Tables 4.1, 4.2, 4.3 and Fig.4.7 provide a comparison 
of the three analyses as well as the solution for no eccen­
tricity.
It is seen in Table 4.2. and Fig. 4.7 that the values 
of the axial forces in the skeletal members tend to converge 
to the experimental one at an eccentricity of 10 mm. The 
difference between the analytical and experimental solutions 
for the compressive member 13-23 and the tensile members 
1-11 are reduced to 4,5% and 10.5% respectively. The overall 
deflections remain sensibly the same and the stresses in the 
continuum vary by about 3% as the eccentricity is increased 
to 10 mm.
The above solutions show the importance of allowing for 
the eccentricity between the continuum and skeletal components 
of the composite structure.
4.4, Test Models 2 and 3
4.4.1. Experimental investigation and results:
The strains in the continuum and skeletal members were 
measured by bonding electrical strain gauges diametrically 
opposite each other. The deformation of the structure at 
specific points were recorded by means of dial gauges; both 
these and the strain gauges were connected to a. data logger.
The boundary conditions during the tests were as follows:
(a) Simply supported at four corners.
(b) Simply supported along the short sides,
(c) Simply supported at four corners and four inter­
mediate points.
(d) Simply supported along the four edges. (This condi­
tion is not included in the experimental analysis)
The tests which were undertaken were as follows:
(a) Equal concentrated loads of \ kg positioned at the
top nodal points of Model 2 with boundary condition (a)
(b) Equal concentrated loads of \ kg positioned at the
top nodal point of Model 3 with boundary condition (a).
(c) Equal concentrated loads of 1 kg positioned at the
top nodal points of Model 3 with boundary condition (b)
(d) Equal concentrated loads of 1 kg positioned at the
top nodal points of Model 3 with boundary condition (c)
4.4.2. Theoretical analysis:
As the models and the loadings were symmetric only one 
quarter of each model was analysed. Fig.4.12 shows the mesh 
division of the top and bottom plates for test Model 2 (Fig.4.3.) 
and Fig.4.13 shows the mesh division and the joint numbering 
system for test Model 3 (Fig.4.4).
4.4.3, Comparison between analytical and experimental solutions
4,4,3.1. Test Model 2 . The discussions of the comparisons 
between the analytical and experimental results for Model 2 
will include only the deflections of the overall structure
and strains in the skeletal members. The strains in the 
plates of the analytical model were negligible and were, 
therefore, not measured in the experimental one.
Tables 4.4A and 4.4B give the analytical and experi­
mental deflections at specific joint positions and the 
axial forces in certain members and it will be seen that 
there is a reasonable agreement between the two techniques.
Table 4.4c gives the analytical and experimental solutions 
to the bending moments at the mid-length of the diagonal 
skeletal members. In some of the members there is a large 
percentage difference although the strains are generally 
of low low order. In a subsequent investigation it was 
shown that this discrepancy was due to the nature of the 
connection between the apex of the skeletal pyramidal units 
and the flat plate. Figures 4.14A and 14.4B show the 
actual connections for the two models and it can be seen 
that the assumed analytical connection of all the components 
at one unique point does not exist. Clearly this results 
in stress transfer to a wider area, thus affecting the 
resultant link forces and moments between the two components
4'. 4.3.2. Test Model 3 . Comparing the analytical and experi 
mental results given in Tables 4.5, 4.6 and 4.7 for Model 3, 
it is seen that the agreement is not as good as that for 
Model 2.
Tables 4.5, 4,6 of tests b and c show that the experi­
mental axial forces in the members and the axial direct 
stresses at the plate positions 32 and 37 (Fig,4,13) are 
smaller than the theoretical values. The bending moments, 
however, at the midlength of the members and at the plate 
positions 32 and 37 are greater than the theoretical values. 
This is due to the effect of the connections (Fig.4,14B) 
which results in a larger link moment at the common nodes 
of the skeletal members and the plate.
From the analysis of the three models it has been shown 
that the theoretical qpproach for analysing skeletal/con­
tinuum composite constructions is acceptable.
When the stiffness and strength of the overall systems 
are considered, the most economical structures are those 
with double-layer continuous plate at either top or bottom 
of the grid system and with skeletal members forming the 
other parts of the structure. Test Model 3, therefore, was 
chosen for the parameter studies.
4.5. Paramter study of Model 3
4.5.1. Procedure of the parameter study
The model used for parameter studies was identical to 
Model 3 except that the plat thickness was reduced to 0.5 mm. 
The reason for this reduction was to obtain a similar magni­
tude of stiffness based upon equal volumes of material at the 
top and bottom grid levels.
The only loading considered in this study is the 
concentrated load of | kg at all the connections of the top 
layer, three boundary conditions are considered; these are 
conditions 'a', ' c' and ' d*.
For each boundary condition three variables were inves­
tigated; these were the thickness of the plate, the cross- 
sectional area of all top layer skeletal members and the 
combined variation of these two parameters.
The depth of the grid was considered as a variable for 
boundary condition ' d ’ only, as the depth of the grid 
reduced the number of pyramidal skeletal units had to be 
increased in order to maintain their geometric shape (see 
Figs.4.15a and 4.15b).
4.5.2. Discussion of parameter studies:
During the investigation of the effect of varying the 
thickness of the lower plate grid, it has been found that 
by increasing the thickness by three times, the maximum 
deflections are reduced by 18.3%, 17.9% and 17.5% for the 
boundary conditions ’a', 'c 1 and 1d T respectively. The 
small decrease in deflection for a large increase in thick­
ness of the lower plate may be explained by an examination 
of the variation of bending and in plane stresses at the 
connections in the plate for the three cases considered.
The solutions showed that the bending moments and hence 
bending stresses are very small and are reducing with the 
increase in both the number of external supports and the 
thickness of plate; conversely the in-plane stresses, expressed
as 'force per unit width', showed no change for loading 
condition 'a' and very small changes for loading conditions 
'c' and 'd', reducing the problem to a plate of various 
thicknesses but subjected to constant forces at the connec­
tions. The significance of expressing the in-plane stresses 
as 'force per unit width' was to observe the change in the 
force-displacement characteristics and hence in the link 
forces at different thicknesses between the pyramidal 
skeletal units and the plate.
The reduction in the vertical deflections is due to 
the small variations in the geometry caused by the in-plane 
shortening of the plate. The percentage variation of the 
horizontal displacements is greater than that for the vertical 
ones due to the in-plane shortening. It was found that the 
horizontal displacements of the corner supports four boundary 
conditions 'a' reduced by 66% as the plate thickness increased 
by 3; this reduction in displacements and the constant link 
forces at the connections of the plate with the skeletal 
members, may be explained by the fact that change in plate 
thickness alters plate stiffness equally in all directions.
The variation in the axial forces in the most highly 
stressed skeletal members showed that for the three boundary 
conditions there is only a 0.1-4.0% variation in diagonal 
member forces as the plate thickness is altered. Small 
reductions, varying up to 7.7%, in the top layer member 
axial forces, were observed. The bending moments are reduced 
by up to 40% as the plate thickness increases.
Secondly, a discussion will be made of the effect of 
increasing the cross-sectional areas by up to three times 
for all the top layer skeletal members of the space grid.
The comparisons have been made on the assumption that equal 
in-plane stiffness of the top and bottom layers of the grid 
existed. The vertical deflections at specified positions 
decrease to a maximum of 33.3%, 27.3% and 32% for the three 
boundary conditions respectively; these are greater than the 
reductions when the thickness of the bottom plate is increased 
three times. The axial forces in the diagonal members increase 
as do the forces in the members of the top layer, with the 
exception of three members under boundary condition 1, 
namely 4-33, 33-90 and 90-147. The bending moments decrease 
by up to 10% as the cross-sectional area is increased by 3.
The combined effect of increasing the thickness of the 
plate and increasing the cross-sectional areas of the top 
layer skeletal members gives the greatest improvement in 
vertical deflection with reductions of 52%, 45% and 49% for 
the boundary conditions a, c and d respectively.
The axial forces in the diagonal members are reduced 
by a maximum of 23% the forces in the top layer are increased 
by 1 to 27% and the corresponding bending moments in the 
skeletal members are reduced by up to 60%. The in-plane 
stresses, expressed as ’force per unit width’ are increased 
from 1.5 to 18.4% except for boundary condition 1 where the 
values reduce at four positions from 1.5 to 3%.
The effect of increasing the original thickness of the 
plate or the cross-sectional areas of the top layer skeletal 
members depends on the relative values, and hence the stiff­
ness of each. For instance the deflection of joint 1 (fig.5) 
has been decreased by 13.3% for an increase in thickness of 
from 0.5 to 1 mm, whereas the deflection is decreased by only 
5.7% for an increase in thickness of from 1.0 mm to 1.5 mm.
Also the axial force in member 147-154 is reduced in value by 
13.1% when the thickness is increased from 0.5 to 1.0 mm and 
by 7.9% when the thickness is increased from 1.0 mm to 1.5 mm. 
The deflection of joint 1 increases by 67.1% when the distance 
of 103.5 mm between the two grids of the space structure has 
been reduced to half, whereas the deflection increases to 
163.3% when the distance has been reduced to one third of 
its original value.
4.5.3. Conclusions from the Parameter Studies:
The above discussions have shown that only small improve­
ments in the magnitude of the overall deflection of the 
structure result when an increase is made in the stiffness 
parameters of either the top or the bottom layers of the 
space structure. Moreover, a proportionally large amount of 
material is involved to achieve these small improvements.
Also very little improvement in deflection results if the 
inplane stiffness of either top or bottom layers exceeds 
three times the other. When the space grids are manufactured 
from material with dissimilar mechanical properties (i.e.
G.R.P. pultruded skeletal members and C.S.M. composite plates),
both the material and the geometric stiffness must be 
included in the calculations.
The most economical system is achieved when the stiff­
ness of the top and bottom layers in the space grid is the 
same, and in addition when the cross-sectional area of the 
top members are not greater than three times those of the 
diagonal members joining the top and bottom layers. The 
most economical depth of space grid to longitudinal span 
ratio was found to be one ninth.
Deflections of structure (mm)
Experimental Theoretical
63 160 160 160 160
elements elements ■ elements elements elements
e=o* e=o e=4nm e=7irm e=10nm
Joint 1 2.2098 2.2609 2.3194 2.3227 2.318 2.3104
Joint 39 1.905 1.7527 1.799 1.801 1.798 1.7921
Joint 77 0.381 0.4207 0.4423 0.442 0.442 0.4382
*e = eccentricity
TABLE 4.1. Experimental and theoretical deflections (mm) of 
test model 1 at 12.5 kg total load for various 
assumed eccentricities.
Mi
d-
sp
an
 
fo
rc
es
 
(N
)
16
0
e
l
e
m
e
n
t
s
e
=
1
0
m
m
-
4
0
.
5
4
-
8
.
8
6
2
+
4
4
.
8
-
8
.
0
9
-
2
.
5
5
8
-
0
.
6
0
5
w CD
p 00 m CD
S3 £ CM CM CM CD CM CD
O 0 £ • • • • • •
CD £ t> 05 CD 00 CM O
1-1 0 | CO 1 1 1 1
rH 0 1 +
0
rH
O 03 CM 05 rH in
•H P t> CM rH 00 m
P C § 05 rH O 05 CO CD0 o 0 £ • • • • • •
P CD £ ^ CD CD CM CD rH o
O H  0 I CO 1 in 1 1 i0 i—1 0 1 +
£1 0
to
-P rH
S3 t> rH CD 00
O 0 O rH in 00 rH CD
CD £ I • • • • • •
rH 0 0 CD CD CD o o
rH CO 1 m 1 1 1
0 1 +
03 CD t>P in CD CM
S3 * rH rH CD in O 00
CO 0 O • • • • • •
CD £ I CM CM o o O
0 0 CO rH in i + 1
i—1 1 1 +
0
i—1
cti
P in 00 00
S3 rH IN CM
0 CO t> IN CM CM CD
£ • • • * • ••H CM O CD CO CM
p i 1 1 1
0 I +
a
x
w
0 0 0
o • o • O •
p S p s Po o O
S3 «H faD PH h£ PI txD
o S3 S3 S3•H r—1 •H rH •H i—1 •rH
-P d *d d TO d 'd
O •rH S3 •rH S3 •H S3
S3 0 X 0 X 0
d < 03 < 03 < 03tp
P
0 CO r* o
•1 CQ1 T—■1 CM1c
0
1
CO r-
1CO
£ T“1 rH
>»
+->
•H
o
•H
p
p
c
0
O
O
0
0
*
S3
ClS
ft
0II
TO
•rH
£
-p
csS
03
P •
0 m
43 0
£ •rH
0 -P
£ •rH
o
rH •H
d P
-P P
0 S3
rH 0
0 O
4*3 O
W 0
0 di
43 0
P £
d
S3 03
•H to
d
03
0 W
O d
P o
O •H
PH p
csi
rH >
<ri
O p
•rH o
-P PH
0
P
O n
0 d
43 o
P i—i
'd i—i
S3 d
d P
O
i—I P
cti
P hD
S3 X
0
£ m•rH •
P CM
0 rH
ft
X P
w d
CM
W
CQ
<
E-*
L
o
n
g
i
t
u
d
i
n
a
l
 
mi
d-
sp
an
 
st
re
ss
es
 
(
N
/
m
m
Z J X
CQ •
-P p <M rH 05 CD CO
G H CD r—1 CD P> 0
o 0 o CM CD CM O CQ •H
CD S iH • • • • 0 -P
rH 0 I tH tH rH rH -P •H
iH 0 1 1 + + O
0 «H •H
O P
■P
a G
CQ G 0
-P tH 05 ID CD G O
G a o r—1 CD G O
o 0 a CM CD CM O •H 0
CD S • • • • -P
r—1 0 i rH rH tH rH G 13
rH 0 1 1 + + O 0
0 O a
G
0
rH CQ
G CQ ■P G
O -P CD r—1 rH
•H g a CD CD 05 CM G CQ
■P O 0 a CM CD rH O •H G
0 CD a ^ • • • • O
p T—1 0 ii tH rH r—1 rH W •H
0 rH 0 1 1 + + 0 P
0 0 W G
A m >
EH 0
p P
CQ •p O
•P LO 05 w <H
G t> t> ID
o 0 o CM CD rH o rH 13
CD a I • • • • G G
rH 0 0 tH rH rH rH G O
tH 1 1 + + •H iH
0 TO
G i—1
-P G
•H ■P
CQ hfi 0
-P ID CM CD CD G -P
G * 05 ID CM 0
CD 0 o CM CM rH O i—1 bD
CD a I • • • * X
0 0 rH rH rH rH rH
i—i 1 1 + + G ID
0 O •
•H CM
-P rH
0
P -P
i—1 O G
G 0
-P 00 05 A G
G 00 00 CD CD -P G
0 05 CM ID CD ft
S O ID rH O 13 0
•H • • • • G 1
P tH rH rH rH G 13
0 I 1 + + •H
ft iH a
X G
w -P -p
G G
0
0 0 0 0 a rH
O O O O •H
G G G G P iH
tH «H «H >» 0 0
-P ft 13
P P P P •H X 0
0 0 0 0 O w a
P> G -P G •H
G G G G P
O •H O •H -P
G •
0 CD
O •
<a P3 O
0
-p -P w
G G I ft
•H PQ
o o 0 <
ft ft * ft
UUJLll L IVJ . XUAptiX JJueiiLcLJ. mu iiicuicuxutti mu XliAp . > <1UCU . -Lii /O
1 0.44 0.4 >30
11 0.45 0.4 >12. 5
177 0.36 0.33 > 9.1
TABLE 4.4A. Vertical deflections of test model 2 at specific 
positions for test a. (see Fig.(4.12)).
MEMBER Experimental (N) Theoretical (N) Exp.x Theo. in %
331-361 -54.6 -56.2 <2.8
331-357. +13.2 +12.1 >9.1
317-357 -12.1 -12.6 <4.
275-331 +18.5 +19.4 <4.6
284-331 +17.5 +17.1 >2.3
227-275 -10.6 -11.6 <8.6
187-237 +8.8 +8.9 <1.1
149-196 -9.9 -9.3 >6.4
149-187 -6.6 -6.2 >6.4
139-187 —6 .6 -6.2 >6.4
TABLE 4.4B. Axial forces in the diagonal skeletal members of test 
model 2 for test a. (see Fig.(4.12)).
MEMBER Experimental Theoretical
331-361 +1-2. 4 + 17.5
331-357 + 1.9 -6.6
317-357 +0.1 +8.5
275-331 +3.1 -1.5
284-331 -6.8 +1.0
227-275 +0.8 +0.7
187-237 +1.7 +0.3
149-196 -0.9 +0.4
149-187 -0.2 +0.1
139-187 +0.1 +0.3
TABLE 4.4C. Bending moments (N.irm) at midlength of the diagonal
skeletal merrfoers of test model 2 for test a. (see Fig. (4.12)).
Joint No. Experimental rrm Theoretical Exp.xTheo. in %
1 0.57 0.52 >9.6
6 0.57 0.52 >9.6
63 0.54 0.47 >14.9
TARTF 4.5A. Vertical deflections of test model 3 at specific 
positions for test b. (see Fig.(4.13)).
MEMBER Experimental (N) Theoretical Exp.x Theo. in %
144-147 -28, 5 -30.3 <5.9
147-152 -22.3 -23.6 <5.5
152-174 +12.3 + 14.3 <14 .
152-178 -37.6 -42.1 < 10.7
125-152 +11.4 +15. < 24 .
95-152 -22.4 -24.3 <7.8
38-95 -31.3 -34.8 < 10.
9-38 -34.2 -37.8 <9.5
33-90 -17.9 -21.9 <18.2
4-33 -21.9 -26.0 < 15.7
TARTF 4.5B. Axial forces in the skeletal members of test model 3 
for test b. (see fig. (4.13)).
MEMBER Experimental Theoretical
144-147 +2.6 +2.3
147-152 -2.4 +1.6
152-174 -5.8 -0.7
152-178 +4.1 +2.1
125-152 -8.3 -0.6
95-152 -3.4 + 1.5
38-95 +2.3 +2.3
9-38 +0.3 +2.4
33-90 -0.6 +1.5
4-33 -0.8 + 1 .9
TABLE 4.5C. Bending moments at midlength of the skeletal members of 
model 3 for test b. (see Fig.(4.13)).
Joint No. Experimental Theoretical Exp > < Theo. in %
37 +0.164 +0.198 <17.1
32 +0.156 +0.203 <23.1
TABLE 4.5D. Axial stresses (N/nm2) in the longitudinal 
direction of the plate of test model 3 for 
test b.
Joint No. Experimental Theoretical
37 +0.516 +0.0011
32 +0.247 +0.0009
TABLE 4.5E. Bending stresses in the plate of test model 3 
expressed as the bending moment per unit 
width (N.nm/unit width) for test b.
Joint No. Experimental Theoretical Exp.xTheo. in %
1 0.78 0.69 >13.
6 0.8 0.69 >15.9
63 0.69 0.6 >15.
TABLE 4.6A. Vertical deflections (nm) of test model 3 for test c 
at positions shown in Elg.(4.13).
MEMBER • Experimental Theoretical Exp.xTheo. in %
152-178 -20,3 -21.4 <5.1
125-152 +13.9 + 14.9 <6.7
95-152 -32.5 -35.9 <9.5
38-95 -51.6 -57.6 <10.4
9-38 -58.8 -64.8 <9.2
33-90 -46.5 -55.8 <16.6
4-33 -52.7 -62.8 <16.1
TABLE 4.6B. Axial forces (N) in the skeletal members of test 
model 3 for test c.
MEMBER Experimental Theoretical
152-178 +3.7 +0.2
125-152 -8.7 +0.46
95-152 -3.4 +1.1
38-95 +4.2 +2 .
9-38 +0.8 +2.2
33-90 +2.6 +2 .
4-33 -0.5 +2.2
TABLE 4.6C. Bending moments in the skeletal merrbers of test 
model 3 for test c.
Joint No. Experimental Theoretical Exp.xTheo, in %
37 +0.195 +0.194 >0.5
32 +0.201 +0.208 <3.3
TABLE 4.6D. Axial stresses (N/mn2) in the, longitudinal 
direction of test model 3 for test c.
Joint No. Experimental Theoretical
37 +0.528 +0.001
32 +0.072 +0.001
TABLE 4.6E. Bending stresses in the plate of test model 3 for 
test c expressed as bending moment per unit width 
(N.ran/unit width).
Joint No. Experimental Theoretical Exp.xTheo. in %
1 0.25 0.23 > 8 . 7
6 0.21 0.18 >16.6
63 0.2 0.18 >11.1
TABLE 4.7A. Vertical deflections of test model 3 for test d 
for positions shewn in Eig.4-13.
MEMBER Experimental Theoretical Exp.xTheo. in %
147-152 - 10.1 -10.1 0
152-178 -21.2 -19.9 >6.5
95-152 -16.2 -16.1 >0.6
38-95 -17. -15.6 >8.9
33-90 -16.1 -16.5 <2.4
4-33 -15.9 -14.8 >7.4
TABLE 4.7B. Axial forces (N) in the skeletal members of test 
model 3 for test d.
MEMBER Experimental Theoretical
147-152 +1.5 +0.4
152-178 +25.9 +0.5
95-152 -0.3 +0.6
38-95 -0.2 +0.7
33-90 +0.59 +0.6
4-33 -1.6 +0.3
TABLE 4.7C. Bending moments (N.nm) at midlength of the 
skeletal menfoers of test model 3 for test d.
Joint No. Experimental Theoretical Exp.xTheo. in %
37 +0.062 +0.074 <16.2
32 +0.057 +0.1 <43
TABLE 4.7D. Axial stresses (N/imi2) in the longitudinal 
direction of test model 3 for test d.
Joint No. Experimental Theoretical
37 +0.149 +0.00002
32 +0.037 +0.0003
TABLE 4.7E. Bending stresses in the plate of test model 3 for 
test d expressed as the bending moment per unit 
width (N.mu/unit width).
FIG. 4.1. TEST MODEL 1 SHOWING THE VEE SHAPE PERSPEX 
CONTINUUM CONNECTED TO A PERSPEX SKELETAL 
SYSTEM AT NODAL JOINTS.
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FIG. 4.6 EXPERIMENTAL AND THEORETICAL DEFLECTIONS OF THE LOADED 
JOINTS OF TEST MODEL 1.
Member I - 11 (tension)
— e----- Experimental
-----------Theoretical (63 elements)
-----------Theoretical (160 elements)
4----- ♦ -  Theoretical (e=4,160 elements)
-b----- b - Theoretical (e=7,160 elements)
-----------Theoretical (e=10,160 elements)
+10.0 +20.0 +30.0 +40.0 +50.0 +60.0 +70.0
Axial force (N)
Member 13 -  23 (compression)
3 .0
2.0
0
1X
Ld
“ 10.0 “ 20.0 “ 30.0 -40.0 -50.0 -60 .0  -70.0
Axial force (N)
4 .0
3 .0
2.0
■O
Member 13-20 (compression)
Ld
0 - 2.0 -4 .0  -  5.0-1.0 -3.0 - 6.0
Axial force (N)
FIG. 4.7 EXPERIMENTAL AIR) THEORETICAL AXIAL FORCES IN 
SKELETAL MEMBERS OF TEST MODEL 1.
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FIG. 4.11a . CROSS-SECTION OF TEST MODEL 1 SHOWING THE 
THEORETICAL CONNECTIONS OF THE SKELETAL 
MFUBERS WITH THE CONTINUUM.
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FIG. 4.11b CROSS-SECTION OF TEST MODEL 1 SHOWING THE
EXISTING CONNECTIONS, WITH THE ECCENTRICITIES.
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FIG. 4.11c THEORETICAL, APPROXIMATE REPRESENTATION OF 
THE CONNECTIONS BY A MEMBER CONSISTING OF 
FICTITIOUS CROSS-SECTIONAL PROPERTIES.
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CHAPTER 5
EXPERIMENTAL AND ANALYTICAL INVESTIGATION OF THE
STABILITY BEHAVIOUR OF COMPOSITE G 0R 0P 0 MODELS
Part a .
5.1o Introduction
The low modulus of elasticity of glass reinforced plastics 
(G.R.P.) manufactured from the hand lay up or semi-mechanical 
process to form a quasi-isotropic material is well known. 
Consequently the buckling of compressive members which are 
made from this material is a critical factor in the design of 
a G.R.P. structural system. The main reason for using a 
folded plate system manufactured from materials of low modulus 
of elasticity is to overcome the buckling aspect; G.R.P. systems 
using the above materials generally have a fibre/matrix per­
centage ratio of about 30-70. If G.R.P. or carbon fibre 
reinforced plastics (C.F.R.P.) are manufactured from the 
pultrusion technique and are used to form a skeletal configura­
tion, the buckling criteria is still the critical factor in 
design but it does show an improvement over the former system 
because of the preferred fibre orientation and the increased 
glass-resin ratio. Further, in a composite construction con­
sisting of a continuum/skeletal configuration, the stiffness 
of the overall unit or structure is again increased above the 
former two cases although buckling of the structural elements 
is still a critical factor.
In this part of the chapter, the computer program written 
for predicting the first critical load on composite space 
structures and described in sections 3-7, 3-8 is applied to 
estimate the load which causes the initiation of buckling in 
a G.R.P, continuum/G.R.P. skeletal panel, in a G.R.P. continuum/ 
C.F.R.P. skeletal panel and in a G.R.P. continuum/stell 
skeletal panel under inplane compressive loading. A compara­
tive experimental solution is given for flat sheets connected 
to flat skeletal systems at common nodes.
5.2. The composite skeletal unit
Three composite continuum/skeletal structural units were 
manufactured. The continuum consisted of a flat plate of 
dimensions 296 x 296 mm and the thicknesses and the elastic 
properties of the three models are given in Table 5.1; these 
plates were made by the hand lay-up technique using chopped 
strand mat and polyester resin of 30-70 percent fibre matrix 
ratio by weight. The skeletal members of the first model were 
manufactured from 9.5mm diameter pultruded G.R.P. rods with 
glass fibre/polyester resin of 65-35 percent by weight,
Those of the second and third models were manufactured from 
9.4mm diameter steel and 8mm diameter pultruded carbon fibre/ 
epoxy resin rods respectively. The latter rods had a fibre 
matrix percent by weight of 70/30, and the elastic properties 
of the skeletal systems for the three models are given in 
Table 5.1. The configuration and dimensions of the three 
models are given in Figure 5.1 and it will be seen that the 
diagonal skeletal members were rigidly fixed to the four
corners and the centre of the plates and that there were no 
vertical skeletal members between positions AC and BD; the 
two horizontal members AB and CD were rigidly connected to 
the plate at their extremities.
The rigid connections of the system were made through 
steel nodal points through which holes were drilled to receive 
the skeletal members. Silver steel dowel pins were placed 
through the steel nodal points and the G.R.P. plates. The 
two components were securely bonded together with epoxy resin. 
A photograph of the first model described above is shown in 
Figure 5.2 and is typical of the experimental technique.
5.3. Analytical solution
As the problem is symmetric only one quarter of the model 
is analysed. Figure 5.3 shows the mesh division and the 
joint numbering system used for the analysis of the three test 
models.
It may be seen that in Figo5 03 the skeletal members are 
descretized by introducing additional joints at particular 
positions relative to the joints of the descretized continuum 
to minimize the maximum joint difference and hence the 
storage required for the stiffness matrix of the structure.
The descretization of the skeletal members has no effect 
on the results of the linear analysis; this is due to the 
fact that the linear polynomial for axial deformation and 
the cubic polynomial for transverse bending deformation 
(Appendix 2, section 2, equation 14) represents exactly the
actual deformation of the element conditioned by the assump­
tion for small displacements. However, the descretization of 
the skeletal members in stability analysis is necessary for 
the analysis to converge to the correct answers, this is due 
to the evaluation of the approximate non-linear term in the 
energy equation in deriving the 'Geometric matrix’ (appendix 2 , 
section 2 ).
A pin ended column was analyzed using the program for 
the prediction of the buckling load and compared with the Euler 
load, the predicted load was 21.6% greater than the Euler 
load when the full length of the member was considered while 
the discrepancy reduced to only 2.7% when the member was 
descretized into two members.
The theoretical solution consists of a linear analysis 
for the displacements and the stresses, when the system is 
under a specified load. Secondly, the solution predicts the 
buckling load and the corresponding buckling mode (eigen 
vector). Figure 5.4 shows the buckled shape of the three 
models specified by the three eigen vectors.
5.4. Experimental technique
The composite unit was loaded through an Instron testing 
machine. The four point loads in the structure were applied 
through ball joints which were situated at the centroid of 
the nodal points at positions ABCD (see Figures 5-1). One 
of the ball joints was seated in a spherical cap at one of 
the nodal points whilst the other three ball joints were seated 
in Vee grooves. The load from the Instron was applied via a 
hardened reaction beam through the ball joint.
Three loading cycles were applied, each in increments 
of 20 kg up to 200 kg and then in increments of 50 kg up 
to buckling; the rate of strain was lmm/minute. The strains 
on the continuum and skeletal members and the deflections 
of the overall units were measured at selected positions 
by strain gauges and by displacement transducers respectively; 
all readings were recorded on a Modulog data logging system.
5.5 Discussion 
5.5.1. Test model 1
Figure 5.5 shows that the axial compressive stresses at 
positions A and C increase in value as the external load 
increases to 100 kg but then decreases with further increase 
in the external load. The graphs of the external load plotted 
against the bending moments (per unit width of the laminate) 
for positions A and C are shown in Figure 5.5 and shows an 
increase in slope for values of load greater than 100 kg.
Figure 5.7 shows the transverse deflections versus external 
load at positions A and C and it can be seen that, here also, 
there is an increase in slope of this graph above 100 kg.
This magnitude of external load is apparently the condition for 
first buckling in the continuum. The corresponding theore­
tical buckling load predicted for the model is 150 kg; 50% 
greater in value than the experimental one. Although the 
model was manufactured with the utmost care undoubtedly im­
perfections did arise during the process and during the 
fabrication of the materials. It is felt that the major part 
of the discrepancy can be explained by the stress distribution
within the skeletal and continuum components of the model. 
Figure 5.5 shows that positions A and C are overstressed by 
15-20% when compared with the theoretical values, whereas 
Figure 5.6 shows that the axial force in the diagonal member 
is 50% less than the theoretical. A possible reason for 
the above discrepancies is that in the practical connection 
the centroid of the skeletal members and the centroid of the 
plate section are eccentric and are not, as considered 
theoretically, unique points. Experimentally the load was 
applied at the edge of the plate, resulting in higher transfer 
of loads to the plate.
It is shown in Figure 5.9 that after first buckling has 
taken place the compressive axial stress at position C reduces 
in value, passes through zero and increases in: tensile mode 
to final instability. The reduction in the axial force of 
the diagonal member starts at 150 kg as is shown in Figure 5.6, 
passes through zero at 250 kg external load and increases in 
tension to the final instability. The existance within the 
post buckling path of the tensile stress at the two positions 
in the laminate and in the skeletal members may be explained 
by considering the gradual lateral extension of the model 
which causes elongation of the diagonal members and a conse­
quent development of tensile axial forces.
These tensile forces in the diagonal and in the horizontal 
members are in equilibrium with the tensile inplane axial 
stresses in the continuum at positions A and C. Figure 5.8 
shows diagramatically the change of stress distribution; the 
external load is transferred through the joint to the middle
area of the laminate.
5 05 02 Test model 2
Figure 5.9 shows an increase in the axial compressive 
stresses at the positions A and C along the edges of the 
laminate for an increase in external applied load up to a 
value of 400 kg. At this position a new stress distribution 
commences as the stress at position C started to reduce and 
the stress at position A increased at a faster rate. This 
can be explained by the occurrence of torsional buckling at 
this external applied load. It is also shown in Figure 5.11 
that at 400 kg there is a differential transverse deflection 
at position C and in Figure 5.12 it may be seen that at the 
positions A and C there is a change of sign of bending 
moment which is the result of torsional-flexural deformation. 
The reduction of the axial stress at one edge is due to the 
opposing action of the bending and torsional movement effects.
The buckling of this model was not consistent with the 
action of the imperfections as is illustrated in Figure 5.11 
where it can be seen that the three positions A, B and C in 
the composite model deflect in one direction up to a maximum 
applied load of 800 kg. At this point buckling at positions 
A and C in the continuum occurs; the deflection is in the 
reverse sense to the original deflection of these positions 
and to the continued direction of the skeletal members at 
position B.
The rapid movement of the composite unit at position B 
does not imply that the skeletal system has buckled but that
it is. merely a deformation characteristic of the buckling of
the continuum to enable the composite system to assume a 
new stable shape. A justification for this statement is that 
the model experienced no deformations when loaded from 
900-1000 kg as is clearly shown in Figure 5.11. Further,
Figure 5.10 shows that for this increment of load there is 
no change of slope in the graph of external applied load 
versus axial forces in the diagonal members.
There is relatively good agreement between the theore­
tical buckling load of 866 kg and the experimental value of 
800 kg.
5.5.3 Test model 3
Figure 5.13 shows the relationship between the axial 
stress in the continuum at the four positions ADEC and the 
external applied load and it can be seen that at loads 
greater than 300 kg there is a non-linear relationship between 
the two quantities with a decrease in axial stress rate values. 
The relationship between the axial force in the skeletal 
members BE and BD and the applied external loads is shown in 
Figure 5.14 where it is seen that there is a non-linear 
increase of force above 300 kg applied load; this indicates 
that there has been a transfer of load from the continuum to 
the skeletal component. Figure 5.13 shows that the bending 
moments increase more rapidly than the applied loads above 
the 300 kg value.
In this model it is not possible to specify a distinct 
buckling load but the effects of imperfections initiate non 
linear behaviour at an applied load of 300 kg. The transverse
deflections, shown in Figure 5.15, give no indications of 
distinct buckling; the smooth curves are the result of the 
effects of imperfections. It may be clearly seen in Figure 5.13 
that the axial stresses increase to a peak at 400 kg and then 
reduce in value up to the point where the model becomes 
unstable at an applied load of 480 kg. Consequently, first 
buckling lies between applied loads of 300 and 400 kg which 
shows reasonable agreement with the theoretical value of
363.8 kg.
5 .6 Observations on tests 1, 2, 3
It has been shown that the first buckling in each of the 
three models did not prevent the composite system from 
supporting greater loads up to the final instability state. 
However, the extra load carried by the model after first 
buckling depended upon the relative axial and bending stiff­
ness of the continuum laminate and the skeletal stiffeners 
and in the boundary conditions. The final instability load 
for test model 1 was 284 kg which is approximately three 
times the first buckling load (100 kg). The equivalent loads 
for test model 3 was 480 kg and approximately 350 kg respec­
tively. The lateral extension of the lower stiffness composite 
had a significant effect on the load carrying capacity of the 
unit as the ratio of the final buckling load of test model 3 
to that of test model 1 was 1.7 but the axial stiffness 
ration of the carbon fibre rods to that of the glass fibe rods 
was 2.3. It was also noted that the continuum laminate of 
test model 3 has a higher axial and bending stiffness compared 
with that of test model 1; the ratio of stiffness was 1.27.
Part b 0
5.7 Introduction
In Chapter 4 an experimental and theoretical investiga­
tion within the limits of linear behaviour was performed on 
a Vee sectioned composite member manufactured from perspex 
(section 4.2.1, Fig.4.2).
In this part an experimental and theoretical investigation 
will be undertaken on a G.R.P. prototype structure geometri­
cally similar to the perspex model of section 4.2.1, however, 
the investigation will include the buckling of the continuum 
and its effect on the structure post buckling behaviour.
The single Vee unit had a width of 1076 mm and a vertical 
depth of 702 mm, tested over a span of 4580 mm. Fig. 5.16 
shows the dimensions and the support conditions of the struc­
ture, Figs.5.17, 5.18 show photographs of the structure from 
two different views.
The 4.0 mm.continuum was manufactured from chopped strand 
mat polyester resin with a fibre-matrix percentage by weight 
of 30-70, and the skeletal system was fabricated from pultruded 
tubes of 25 mm external diameter and 2 mm thickness. The 
nodal points were made by forming parts of hollow spheres in 
the continuum at the time of fabrication, and when the various 
parts of the latter were assembled, these part spheres were 
then developed into full ones. The pultruded tubes passed 
through holes drilled in the spheres and the whole was filled 
with epoxy resin, thus bonding the skeletal members to the
continuum and completing the node. Although this method of 
manufacturing nodal points is not ideal for prototype struc­
tures from an economics view point, it proved extremely 
efficient for the experimental test model, with buckling and/or 
failure of the members of the composite structure occuring 
before fracture of the nodal point or pull out of the skeletal 
member from the joint.
Diaphragm plates manufactured from chopped strand mat 
laminates of 4 mm thickness were attached to the Vee component 
at both sides (see Figs.5.16, 5.17 and 5.18). The joint was 
made by bolting G.R.P. pultruded angles which ran the full 
length of the joint and were stiffened, at intervals, by 
steel angle pieces.
Steel members were bonded to the base of the diaphrams 
and these rested on reaction beams through 18 mm ball bearings 
(see Fig.5.16). Both the steel members at the base of the 
diaphrams had Vee grooves in which the ball bearings were 
seated. At one.end of the structure the reactions for the 
ball bearings were provided by similar Vee grooves and at 
the other end by flat plates0 This allowed the system to have 
both translation and rotation at one end and rotation only at 
the other end.
5 .8 Experimental procedure and results
The loading procedure was to apply the loads at each of 
the top nodes of the structure with the exception of the two 
nodes at both supports. The loads were applied through 
hydraulic jacks as seen in Fig.5.18 and electrical strain gauges
were employed to measure strains and hence stresses at 
skeletal positions of the structure,, Linear strain gauges 
were bonded diametrically opposite each other on the skeletal 
members as seen in Fig.5.16 and linear strain gauges were 
also bonded to the continuum in two perpendicular directions 
at particular positions. The same arrangements of gauges 
were placed on the other side of the continuum plate in 
order to predict bending moments in the two directions 
(see Fig.5.16). Deflections at the relevant positions in 
the structure were measured by electrical transducers 
(Joints 11, 14, 4, 15, 16, 1 of Fig.5.16).
After a series of tests in the low external load range, 
a test was undertaken to fail the structure. During the 
preliminary tests it was found necessary to erect a set of 
lateral supports along the structure at joints 8 , 6 , 7, 10, 5, 
of Fig.5.16 to avoid the possibility of torsional buckling.
This was achieved by placing steel frames with vertical 
members on them on both sides of the structure so that ver­
tical movement only, at the midsections of the structure, 
could take place (see Fig.5.18).
The structure was loaded in incremenets of 50 kg and at 
a load of between 200 - 220 kg per bay, corresponding to a 
total of 1000 - 1100 kg, buckling occured in the panels of 
the continuum adjacent to the diaphrams. The deformation of 
the buckled zone increased as the external load increased 
with further buckling in the continuum at different positions. 
It was decided to stop the test at a load of 500 kg per bay 
(a total load of 2750 kg) as the capacity of the reaction beam, 
to which the hydraulic jacks were connected had been reached.
skeletal members had occured and no pull out of the
members from the joints was observed. However, the successive
local bucklings of the continuum during the load increments 
resulted in a wavy contour throughout the length of the 
structureo Fig.5.19 shows a close-up view of the buckled 
continuum near the support plate.
The results of deflections, stresses in the continuum 
and axial forces in the skeletal members were plotted against 
the externally applied loads. Figs. 5.21, 5.22, 5.23 and 
5.24 show a change of slope at a load of 218.8 kg when the 
stresses in the continuum, the axial forces in the diagonal 
members adjacent to the diaphram plates, the axial forces 
in the diagonal members at the midspan and the axial forces 
in the compressive skeletal members at the midspan have all 
been plotted against the external loads.
The load 218.8 kg per bay is the experimental buckling 
load where the stiffness of the continuum changed leading to 
a different stress distribution in the structure which is 
reflected in the change of the slopes of the relations 
between the external load and the stresses in the structure.
5.9 Theoretical analysis and results
The computer program written to predict the first 
critical load on composite structures has been described in 
sections 3.7 and 3.8 of Chapter 3 and is used here to predict 
the buckling as a distinct bifurcation point in the G.R.P. 
structure. The results of the analysis of the geometrically 
similar perspex model (model 1 of section 4.2.1) using two 
mesh divisions (63 and 160 plate elements shown in Fig.4.9
and 4.10) show that for a large difference in the number of 
elements used, only a small difference in the general 
behaviour of the structure resulted. It was therefore 
decided to choose a mesh division between the two which would 
be adequate for the analysis. Fig.5.27 shows the mesh division 
and joint numbering system for one quarter of the structure 
using 102 plate elements.
The analytical predicted buckling load was 194.4 kg on 
each bay compared with the experimental result, of 218.8 kg.
The eigen vector, which represents the relative values of 
displacements at buckling (buckling mode), is given in Fig.
5.28 for one quarter of the structure. The wavy mode of 
buckling is basically similar to that obtained in the experi­
mental solution resulting from gradual increase of load 
increments.
5.10 Comparison between the experimental and theoretical 
results
5.10.1 Deflections of the composite structure
Fig.5.20 and Table 5.2 show that at a load 113.2 kg the 
centre of the model deflects 6.7% less than the experimental 
one. Table 5.2 also shows the experimental and theoretical 
deflections for all nodal point positions at the bottom of 
the structure. In all the cases the theoretical deflections 
are less than the experimental ones. It may also be seen 
that the nodal points 4 and 15 differ by 2%, nodal points 14 
and 16 by 9.7% and nodal points 2 and 11 by 2%.
From the above it may be seen that the overall deflec­
tion patterns of the experimental and theoretical models 
agree within acceptable limits with the exception of joint 
Number 14, and although there are errors in deflection values 
between symmetrical nodal points these all lie within 10%.
5.10.2 Comparison of axial forces in the skeletal components 
of the structure
The relation between the force in member 4-15 and the 
external applied load is shown in Fig.5.25 and Table 5.3b.
It will be seen that the theoretical value is greater than the 
experimental one by 12.4%.
It should be mentioned here that the following comparisons 
are within the low external load regions and at a particular 
load of 113.2 kg, this is before the initiation of the 
buckling in the continuum. The relationship between member 
force 5.6 and the external load is shown in Table 5.3b where 
the theoretical value is seen to be 11.8% greater than the 
experimental one.
The relationship between the force in the symmetric 
compressive members 6-8 , 6-7, 5-10 and 5-9 and the external 
applied load is shown in Fig.5.24 and Table 5-3b. The per­
centage errors between the theoretical values of force in the 
members and the experimental ones vary between -1 .8% and 
-12.3%; the percentage difference between the minimum and 
maximum experimental values of these members is 10.7.
The relationship between the external load and the force 
in the symmetrical tensile members 4-14 and 15-16 for the
theoretical and experimental solutions are given in Fig.5.26 
and Table 5.3b. The discrepancy between the two methods is 
10.1% in one case (member 4-14) and 49.6% in the other.
It is shown above that the theoretical and experimental 
values for the tensile and compressive forces in the top and 
bottom members of the skeletal system agree within acceptable 
limits with the exception of member 15-16.
Figures 5.22 and 5.23 and Table 5.3a show the relation­
ship between the external load and the axial forces in the 
diagonal members for the theoretical and experimental 
solutions. The error between the maximum and minimum value 
of the symmetric members 1-2, 1-3, and 11-12, 11-13 is 24.8% 
and between members 4-5 and 4-6 is 0%. The greatest discrep­
ancy between the results obtained from the theoretical and 
experimental models is 53.3% and the smallest is 37.9%.
It is clear that the agreement between the forces in 
the diagonal members of the theoretical and experimental 
models is not good. Discussion on the poor correlation is 
given in section 5.11.
5.10.3 Comparison between the experimental and theoretical 
results of the axial stresses in the continuum 
component
From Fig.5.21 and Table 5 5a it may be seen that the 
values of the longitudinal axial stresses expressed as force 
per unit width at positions C and D (see Fig.5.16) are
within 10 and 15 percent of the theoretical solution respec­
tively; the percentage difference between the two experimental 
values is within 5 percent. The experimental value of the 
force per unit width at positions A and B varies greatly from 
that of the theoretical. The reason for this large difference 
is that the modelling of the theoretical solution at this point 
is not accurate. The spherical joint is represented in the 
theoretical analysis as a unique rigid joint where the line 
and plate elements meet with the centroidal axes of the skeletal 
members coinciding with the neutral axes of the continuum.
In reality, however, the skeletal members are eccentric to the 
continuum and when the structure is under load a different 
stress field is created around the peripherical area of the 
joint. Consequently strain gauges which are situated under 
the spherical joints (as is the case at positions A and B) will 
give different results to those obtained from the theoretical 
analysis.
5.10.4 Comparison between the experimental and theoretical 
bending moments in the skeletal members and in the 
continuum
Tables 5.4 and 5.5b show the theoretical and experimental 
bending moments at midlength of the skeletal members and the 
bending stresses in the continuum expressed as bending moment 
per unit width. It can be seen from the tables that there is 
poor agreement between the two methods of measurements. The 
non-symmetric values of bending moments can be clearly seen 
in the members. Members 4-14, 15-ri6, 4 _15 and 5-6 should have 
zero values as they lie in the plane of symmetry. Discussion 
on these results is made in section 5.11.
5.11 Discussion
5 0llel Discussion of the buckling behaviour of the structure
As stated in section 5.9, the theoretical buckling load, 
as a bifurcation point, was 194.4 kg compared with the experi­
mental value of 218.8 kg (section 5.8) at which load buckling 
of t h e .continuum commenced. After buckling commenced the 
continuum, near the support plate, experienced large deforma­
tions.
It may be seen that the experimental buckling is 12.5% 
greater than the predicted by the analytical analysis. This 
is an acceptable variation when the imperfections in the 
structure and the difficulty of accurately idealizing the 
experimental model are considered.
More specifically the discrepancy between theoretical and 
the experimental buckling load is due to two factors:
a. The differences in the axial forces in the skeletal
members and the axial stress distribution in the
continuum; the buckling is a direct function of the
axial stresses. 
b 0 The existence of secondary bending moments in the
real model, coupled with the axial stresses, affect 
the value of the buckling load. In the program used 
(described in sections 3.7 and 3.8) no account is 
taken for non-linear coupling effect of the bending 
moments with the axial stresses and hence the resul­
ting geometric and the stress matrices of the line 
and plate element are functions of axial stresses 
only (see appendix 2 , section 1 and 2 ).
It can be seen that in Figs.5.21, 5.25 and 5.26 the tensile 
stresses in the continuum and the tensile axial forces in the 
skeletal members 4-15, 4-14 and 15-16 retain the same linear 
relationship with the external load before and after buckling 
of the continuum. This can be explained by the fact that when 
the continuum buckled redistribution of stresses took place 
between the continuum and the compressive skeletal members at 
the top of the structure.
A theoretical attempt was made to improve the resistance 
of the continuum to buckling, and thus to achieve a higher 
buckling load, by assuming a rigid joint connecting the con­
tinuum to the midlength of all the skeletal members. The 
continuum is considerably stiffened by these additional joints 
especially the ones at the midlength of the diagonal members; 
these provide a much less slender plate. This condition 
resulted in a higher buckling load of 280.8 kg compared with
194.4 kg for the first case and in addition it resulted in a 
less severe buckling condition. The buckling mode of this 
case is represented diagramatically in Fig.5.29.
5.11.2 Discussion on the behaviour of the structure at low 
load levels
The comparisons between the experimental and theoretical 
models have been given in section 5.10 and although generally 
the top compressive and bottom tensile forces found by the 
two solutions agree to within 10%, the forces in the diagonal 
members show poor agreement between the two methods of measure­
ments with variations as great as 50%.
Certain criticisms may be levelled at the experimental 
model and because of these, errors may have crept into the 
experimental procedure.
The beam is a single Vee section virtually unsupported 
laterally, and as the system is symmetric, it is possible in 
the analytical model to consider one quarter of the structure 
only. However, in the experimental model it was possible for 
the structure to rotate, thus causing a torsional couple in 
the cross section and hence producing unequal forces in sym­
metrical members.
Both the pultruded tubes (the skeletal members) and the 
hand lay-up composite (the continuum plate) were manufactured 
as normal factory made units. During fabrication of the struc­
ture it was necessary, on occasions, to force members into 
position, and this undoubtedly caused some stresses to be 
built into the system.
In the experimental model the external loads were applied 
at the nodal points of the skeletal component which were 
eccentric to the continuum component. In the theoretical 
analysis, however, the external loads were applied at a common 
nodal point of the continuum/skeletal components; the centroid 
of the skeletal nodal points and the centre line of the con­
tinuum were coincident. Consequently the theoretical structure 
did not model the experimental one exactly and because of 
this, the comparison of the solutions for both structures and 
the symmetry of the results for the experimental one were 
affected to some degree.
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TABLE 5.2.. Vertical deflections of the bottom joints of the model at 
113.2 kg.
menber Experimental (N) Theoretical (N) Iheoret ical > < Experiment al
1-2 +548.5 +267.4 <51.2%
1-3 +478.5 +267.4 <44.1%
11-12 +573.8 +267.4 <53.3%
11-13 +431.09 +267.4 <37.9%
4-6 -218.7 -121.3 <44.5%
4-5 -218.7 -121.3 <44.5%
a. Axial forces in the diagonal menbers at a load of 113.2 kg
member Experimental (N) Theoretical (N) Iheoreti calx Experimental
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D +7.29 +8 . 37 >14.7%
A -3.65 -6.75 > 84.8%
B -1.0 -6.75 >564%
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TABLE 5.5. Axial and bending stresses at positions of the continuum.
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CHAPTER 6
CONCLUSIONS
The importance has been demonstrated of including the
sixth degree of freedom (viz0 0 ) at each nodal point of az
rectangular finite element, when analysing skeletal/continuum 
composite structures under external loads. The linear 
solutions to analytical models have been compared with those 
of experimental ones manufactured from perspex, overall 
agreements have generally been good. The stability analysis, 
when this particular finite element is used, has also 
produced good agreement between analytical and experimental 
models manufactured from both low and high modulus composite 
materials. The high order formulation of the element and the 
use of the same shape functions for both inplane stress and 
plate bending analysis assured the continuity at the folds 
and consequently relatively coarse mesh divisions were able 
to be used.
It was found, however, that the relative stiffnesses of 
the two component parts of the composite structure did 
influence the degree of correlation between the analytical 
and experimental solutions. The composite structure containing 
the thin continuum component gave the greater diversity between 
the two techniques. It has also been established that the 
analytical modelling of the practical structure should be 
undertaken as carefully as possible. For instance, it is 
unusual for the centre lines of skeletal members to meet at 
the centre of the nodal points, if this eccentricity is not 
considered in the analytical model discrepancies can be 
expected. Also, it is most unlikely that the centre lines
of the skeletal members and the centre line of the continuum 
in double layer grid systems will coincide, and they did not 
coincide in the Vee continuum/skeletal structure. Unless 
this eccentricity is considered inaccuracies will be obtained 
in the analytical solution. The eccentricity effects are 
particularly important in the buckling analysis. In the 
present work the theoretical combination of the line and 
plate elements was based upon the assumption that the centroidal 
axes of the skeletal members coincided with the midthickness 
of the continuum and to overcome the eccentricity problem it 
is possible to place short stiff members connecting the con­
tinuum to the skeletal members at node points.
In the stability analysis, small displacements were 
assumed, i.e. linear behaviour up the bifurcation point, and 
the bifurcation behaviour was totally dependant upon the 
level of axial stresses in the structure. This analysis has 
been shown to be reliable and adequate for design and optimi­
zation purposes. The reason for this is because the stresses 
in the prototype model are mainly axial which is typical of 
most continuum/skeletal systems loaded at nodal joints.
It has been shown that double layer grid structures, 
with the bottom layer manufactured from a continuum, which is 
connected to skeletal layer by diagonal'members, show very 
small changes in overall deflections of the structure when 
the stiffness parameters of either the top or the bottom 
layers of the space structure are varied. Moreover a dis­
proportionately large amount of material is involved to
achieve these small improvements. The most economical system 
is achieved when the stiffness of the top and bottom layers 
in the space grid is the same, and in addition when the cross 
sectional area of the top members are not greater than three 
times those of the diagonal members joining the top and bottom 
layers • The most economical depth of the space grid to 
longitudinal span ratio was found to be one ninth.
During the parameter studies it was found that by 
increasing the thickness of the bottom layer perspex sheet 
a linear relation existed between the tensile axial stress in 
the plate and the thickness of the plate. This relationship 
was expressed as a force per unit width, derived from the 
product of the stresses and the corresponding thickness, and 
was a constant for the different thicknesses assumed. This 
implies that the stiffness contribution of the plate to the 
grid is constant irrespective of its thickness. This deter­
minancy is due possibly to the continuity of the plate which 
has the same stiffness in all directions.
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APPENDIX 1
Stiffness matrix of the skeletal member of 
two ends of Eig.3.3a
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a, b are the sides of the rectangle (Fig.3.3b)
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--------------  — — ------------- -— ■—   S'S----------------------- — ■ — ■ '
problem
E*t
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Appendix 2
Equation 1 of Chapter 4
K = K + K + Kt r o a L (1)
1. Plate element
K = Initial stress matrix 
a
K
a t x xy
t aL xy yj
Gdv
  (2)
where a , a , t are the inplane stresses within the plate 
x* ■ y* xy
(Fig.1)
XY
XY
Fig.l. Inplane stress in an infinitesimal element
V  N, = shape functions of the displacement function
for slab action - plate bending analysis, i.e.
w  = n, e . + n e . + n w. +1 yi 2 X I  3 1
Since the displacement functions used (scordelis10) are 
expressed in terms of generalized coordinates «i2 - a2*t
W = f(x,y) - o • e • o . (4)
{ys} = A 3.18
12x1 12x12 12x1
{ V  = A
- i {V (5)
Substituting equation 5 into 4 results:
W = f(x,y) A" 1s <V
The coefficient s of {V } will result in the shape functions 
of equation (3).
KL = Large displacement matrix
J-
K =
BPTDPBb"
__Sym. B^TDbDb J_l
dv 0 0*00 (6)
where DP , Db are the inplane and bending elastic matrices 
respectively defined in equation 3.14, 3.21.
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2 o Line element
The Geometrical matrix K„ corresponding to theG
’initial stress matrix’ of the plate element being depen­
dent only on the stress level which is the axial force in 
the member, and has been derived by Nath (20). Considering 
the work done by the loads on the beam-column shown in Fig.2
d T  =
T
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6 . 6 . 6  . 6  zi yi zj ya>
F . M . F . M .zi yi zj yj
N
Fig.2. L
(10)
where
9_z
dx
(11)
(12)
(13)
Z = lateral displacement function defined as cubic 
polynomial
Z = cc + cc1z + cc2z2 + cc 3 z 3
o
(14)
The term (Z) dx represents the non-linear effect 
of axial o shortening due to the effect of lateral
bending0
Equation 10 results in a tangent sitffness matrix:
Kt  = Ke - N Kg
where = Linear stiffness matrix,,
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Considering the member in space of Fig.3.3a the matrix KG is
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